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Can we prove that  
a static analysis α of a program P  

does not raise false alarms?

Main Question
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• Analyses may be complete 
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• Completeness may happen

Completeness
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Which analysis?
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f ] best correct approximation
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No Imprecision

Property of Domains



Éone can reÞne domains

To get completeness (or improve precision)...

↵(f(x)) = f

](↵(x))

Instead we want to prove completeness



BackwardCompleteness of...

↵(JbKS) = JbK↵↵(S)

↵(JP KS) = JP K↵↵(S)

↵(JaKS) = JaK↵↵(S) arithmetic expressions

Boolean expressions

programs

Best correct approximations 
For any set of stores S



The Abstraction α is Fixed



Completeness Class for α

C(↵) def
= {P program | ↵(JP K) = JP K! }

A(↵) def
= {a arith.exp. | ↵(JaK) = JaK↵}

B(↵) def
= {b Bool.exp. | ↵(JbK) = JbK↵}



EXAMPLE 4.3. Consider the simple abstract domain of sign anal-
ysis Sign = {+,�, 0,Z,?} which is a straightforward abstraction
of }(Z). For programs with fixed variables, Sign naturally lifts to
an abstraction of states in ⌃. Consider the following programs P
and Q on the variables {x, a, b}:

P : x := a ⇤ b
Q : x := a ⇤ (b� 2) + a+ a

It is clear JP K = JQK but, being Sign complete for multiplication
and incomplete for addition, then L b� 2 MSign({b 7! +}) = Z
which implies thatJP KSign({a 7! +, b 7! +}) = {x, 7! +, a 7! +, b 7! +}JQKSign({a 7! +, b 7! +}) = {x, 7! Z, a 7! +, b 7! +}.
Therefore P 2 CSign but Q 62 CSign.

There is no direct correlation between the relative precision of do-
mains and the corresponding classes of completeness. In particular
a generic abstraction refinement of a complete abstraction may re-
sult in an incomplete one. This phenomenon is well known in static
program analysis and it corresponds to the fact that coarse abstrac-
tions may result complete for some programs where more precise
ones where failing. In the following we assume ⌃ be an infinite set.
When the abstraction is trivial, namely there is no abstraction or
all is abstracted into a single (top) value corresponding to the don’t
know answer, then the completeness class is the programming lan-
guage itself. Denote by }re

(⌃) the set of all recursive enumerable
subsets of ⌃. When we consider static program analyses we always
concern with recursive, namely decidable, abstractions ↵, i.e., such
that for any ⇢ 2 ⌃: ↵({⇢}) is computable and for any S 2 }re

(⌃):
⇢ 2?↵(S) is decidable.

THEOREM 4.4. If ↵ 2 uco(}(⌃)) is recursive then C
↵

= Imp iff
↵ = id or ↵ = �x. ⌃.

PROOF 1. Denote �x. ⌃ = >⌃. It is known that id and >⌃ are
both complete abstractions for any continuous function, therefore
for the semantics of any P 2 Imp. Assume that C

↵

= Imp and
↵ 6= id and ↵ 6= >⌃. Then there exists A 2 }re

(⌃) such
that A ⇢ ↵(A) 6= ⌃. By definition there exists a program P

A

and P
↵(A) on a single variable x such that JP

A

K(⌃) = A andJP
↵(A)K(⌃) = ↵(A). Consider any a 2 A, b 2 ⌃ r ↵(A), and

c 2 ↵(A) r A. The program Q
abc

associated with the following
partial recursive function  

abc

: ⌃�!⌃ [ {?}, with ? denoting
non-termination:

 
abc

(x) =

8

<

:

a if x = a
b if x = c
? otherwise

Then JQ
abc

K(x) 6= a if x 6= a, in particular if x 2 ↵(A) r A.
In this case ↵(JQ

abc

K(A)) = ↵({a}) and ↵(JQ
abc

K(↵(A)) =

↵({a, b}). Moreover, by monotonicity because b 2 ⌃r ↵(A) then
↵({a}) ✓ ↵(A) 6= ↵({a, b}). Therefore we have shown that there
exists A 2 }re

(⌃) such that:

↵(JQ
abc

K(A)) 6= ↵(JQ
abc

K(↵(A)) ✓ JQ
abc

K↵(↵(A)).

This means1 that Q
a

62 C
↵

which contradicts the hypothesis that
C

↵

= Imp.

Informally, the theorem above states that for all non trivial ab-
stractions, there exists a program for which the abstraction is in-
complete. Next theorem proves that C

↵

and its complement C
↵

,

1 Note that, for general recursive enumerable sets A and recursive ↵(A)
such that A ✓ ↵(A), the set ↵(A) r A may not be recursive enumerable.
This means that (due to c) the program Q

abc

exists but we may not have a
constructive computable way for building it.

for any non trivial abstraction ↵ 6= id and ↵ 6= �x.>, are produc-
tive sets (cf., [22]), namely they are non recursive enumerable sets
having a structure which is similar to the set of Gödel numbers of
true sentences in first order arithmetics.

THEOREM 4.5. If ↵ 2 uco(}(⌃)) is recursive and non trivial (i.e.,
↵ 6= id and ↵ 6= �x.>) then C

↵

and C
↵

are productive sets.

PROOF 2. In the following, without loss of generality, we assume
programs in Imp having a single variable ranging on N. Therefore
⌃ = N. If P is a program and S 2 }(⌃), denote by JP K(S)#n

the fact that P terminates with input S in less than n steps. Assume
an enumeration of programs H·I : Imp�!N. This induces an
enumeration of recursive enumerable sets H·I : }re

(⌃)�!N.
Consider the following property of programs representing in Imp

the halting problem of Turing machines (see [22]):

K
def
=

�

P
�

� 9n 2 N. JP K({HP I})#n

 

We first prove that C
↵

is productive. The proof is by many-to-one
reduction of K to C

↵

, which is denoted K �
m

C
↵

, and means
that there exists a total recursive function g : Imp�!Imp such
that: x 2 K iff g(x) 2 C

↵

.
Assume ↵ 2 uco(}(⌃)) recursive and non trivial. As in The-

orem 4.4, being ↵ non trivial, there exists A 2 }re

(⌃) such that
A ⇢ ↵(A) 6= ⌃. Consider any a 2 A, b 2 ⌃ r ↵(A), and
c 2 ↵(A) r A and the program Q

abc

as in Theorem 4.4. We
proved that Q

abc

62 C
↵

. Being ↵ recursive, there exists a program
P> 2 Imp such that JP>K(?) 2 }(⌃) and ↵(JP>K(?)) = >.
By monotonicity for any S 2 }(⌃) we have ↵(JP>K(S)) = >.
It is clear that P> 2 C

↵

. Consider the partial recursive function
 : Imp⇥ }re

(⌃)�!}re

(⌃) defined as follows:

 (P, S) =

8

<

:

JQ
abc

K(S) if JP K({HP I})#HSI
JP>K(S) otherwise

Being partial recursive  is computed by a program R 2 Imp such
that JRK(P, S) =  (P, S). By the s-m-n theorem, there exists a
total recursive function g : Imp ⇥ Imp�!Imp such that for any
P 2 Imp and S 2 }re

(⌃) we have Jg(R,P )K(S) = JRK(P, S) =
 (P, S). Consider P 2 Imp.

• If P 2 K there exists n 2 N such that JP K({HP I})#n.
Denote I↵

Q

abc

the set of stores for which Q
abc

is incomplete:

I↵

Q

abc

def
=

�

S 2 }re

(⌃)

�

� ↵(JQ
abc

K(S)) 6= JQ
abc

K↵(↵(S)) 
It is easy to see that I↵

Q

abc

is infinite. In particular, as shown in
Theorem 4.4, A 2 I↵

Q

abc

. Moreover it is easy to see that for any
x 2 ⌃ such that x 6= c we have that A [ {x} 2 I↵

Q

abc

. There-
fore, because |⌃| = ! then also |I↵

Q

abc

| = !. This implies
that there exists S 2 I↵

Q

abc

such that n  HSI and there-
fore JP K({HP I})#HSI. Hence Jg(R,P )K(S) = JQ

abc

K(S)
for some S 2 I↵

Q

abc

. Therefore g(R,P ) 62 C
↵

.
• If P 62 K then for any n 2 N we have that JP K({HP I}) does

not converge in less than n steps. Therefore for any S 2 }re

(⌃)

we have  (P, S) = JP>K(S) and therefore Jg(R,P )K =JP>K, which implies that g(R,P ) 2 C
↵

.

Because the function �P 2 Imp. g(R,P ) above is total recursive,
then K �

m

C
↵

, which is equivalent to K �
m

C
↵

. This proves
that C

↵

is productive. The proof that C
↵

is productive is analogous
and can be obtained, by many-to-one reduction K �

m

C
↵

, by
considering the partial recursive function:

 0
(P, S) =

( JP>K(S) if JP K({HP I})#HSI
JQ

abc

K(S) otherwise
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We study !
this object

Incomplete!
programs

Completeness Class
C(↵) def

= {P program | ↵(JP K) = JP K! }

Programs



typical elements ⇢. If |Var(P )| = n then ⌃ is also represented as a
set of n-tuples of values, i.e., ⌃ = Vn.

The functions !a" : ⌃ �!Z and !b" : ⌃ �!{f , t} respec-
tively denote the semantics of expressions and predicates in a given
state ⇢ 2 ⌃. The function #b $ : }(⌃)�!}(⌃) lifts the semantics
of predicates to sets of states S 2 }(⌃) in the natural way:

#b $S def
= {⇢ 2 S | !b"⇢ = t}.

We define the reachable states denotational semantics !C " :

}(⌃)�!}(⌃) as:

!skip"S def
= S

!x := a"S def
= {⇢[x 7! !a"⇢] | ⇢ 2 S}

!C1 ;C2 "S def
= !C2 "(!C1 "S)

! if b then C "S def
= !C "#b $S [ #¬b $S

! while b do C "S def
= #¬b $

�

lfp(�T. S [ !C "#b $T )

�

.

Note that for an always non-terminating program P , for any set
of states S we have !P " = ?. In the following we will always
assume recursive enumerable sets of states in }(⌃) as arguments
of semantic functions.

The best correct denotational semantics is defined for any
generic abstraction A 2 Abs(}(⌃)) such that A = ↵(⌃). We
first define the best correct transfer function for predicates on A:
#b $↵ : A�!A, such that for any S 2 A:

#b $↵S = ↵(
�

⇢ 2 S
�

� !b"⇢ = t
 

)

The generic abstract denotational semantics !C "↵ : A�!A is
derived as the best correct approximation of the concrete semantics
by composing abstract transfer functions and by approximating
concrete disjunctions of stores through their join in the abstract
lattice A. Let S 2 A:

!skip"↵S def
= S

!x := a"↵S def
= ↵({⇢[x 7! !a"⇢] | ⇢ 2 S})

!C1 ;C2 "↵S def
= !C2 "↵(!C1 "↵S)

! if b then C "↵S def
= #¬b $↵S t !C "↵(#b $↵S)

! while b do C "↵S def
= #¬b $↵

�

lfp(�X.↵(S) t !C "↵#b $↵X )

�

In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.

4. The class of complete abstractions
Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(!C "S) = !C "↵↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(#b $S) = #b $↵↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries
The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:

8⇢0 2 I, ⇢1 2 ⌃. !P "(⇢0) = ⇢1 =) !q"⇢1 = t.

or equivalently whether !P "(I ) ✓ #q $(!P "(I )). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics !P " with !P "↵ and to
under-approximate #q$(!P "(I )). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P

is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.

LEMMA 4.1. If q is a query and P a program such that ↵(!P ") =
!P "↵ then !P "(I ) ✓ #q$(!P "(I )) iff !P "↵I v #q$↵(!P "↵(I )).

4.2 Classes of Completeness
From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:

C
↵

def
=

�

P 2 Imp

�

� ↵(!P ") = !P "↵
 

Similarly we can define a completeness class of all Boolean expres-
sions.

E
↵

def
=

�

q 2 ImpExp

�

� ↵(#q$) = #q$↵
 

.

Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C

↵

| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C

↵

for any ↵. It is not extensional because
there exist P, Q 2 Imp such that: P is complete for ↵, !P " =

!Q", and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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Infinite
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Note that for an always non-terminating program P , for any set
of states S we have !P " = ?. In the following we will always
assume recursive enumerable sets of states in }(⌃) as arguments
of semantic functions.

The best correct denotational semantics is defined for any
generic abstraction A 2 Abs(}(⌃)) such that A = ↵(⌃). We
first define the best correct transfer function for predicates on A:
#b $↵ : A�!A, such that for any S 2 A:

#b $↵S = ↵(
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The generic abstract denotational semantics !C "↵ : A�!A is
derived as the best correct approximation of the concrete semantics
by composing abstract transfer functions and by approximating
concrete disjunctions of stores through their join in the abstract
lattice A. Let S 2 A:

!skip"↵S def
= S

!x := a"↵S def
= ↵({⇢[x 7! !a"⇢] | ⇢ 2 S})
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In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.

4. The class of complete abstractions
Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(!C "S) = !C "↵↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(#b $S) = #b $↵↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries
The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:

8⇢0 2 I, ⇢1 2 ⌃. !P "(⇢0) = ⇢1 =) !q"⇢1 = t.

or equivalently whether !P "(I ) ✓ #q $(!P "(I )). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics !P " with !P "↵ and to
under-approximate #q$(!P "(I )). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P

is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.

LEMMA 4.1. If q is a query and P a program such that ↵(!P ") =
!P "↵ then !P "(I ) ✓ #q$(!P "(I )) iff !P "↵I v #q$↵(!P "↵(I )).

4.2 Classes of Completeness
From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:
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Similarly we can define a completeness class of all Boolean expres-
sions.

E
↵

def
=
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q 2 ImpExp

�

� ↵(#q$) = #q$↵
 

.

Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C

↵

| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C

↵

for any ↵. It is not extensional because
there exist P, Q 2 Imp such that: P is complete for ↵, !P " =

!Q", and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C

↵

| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C

↵

for any ↵. It is not extensional because
there exist P, Q 2 Imp such that: P is complete for ↵, !P " =

!Q", and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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Note that for an always non-terminating program P , for any set
of states S we have !P " = ?. In the following we will always
assume recursive enumerable sets of states in }(⌃) as arguments
of semantic functions.

The best correct denotational semantics is defined for any
generic abstraction A 2 Abs(}(⌃)) such that A = ↵(⌃). We
first define the best correct transfer function for predicates on A:
#b $↵ : A�!A, such that for any S 2 A:

#b $↵S = ↵(
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The generic abstract denotational semantics !C "↵ : A�!A is
derived as the best correct approximation of the concrete semantics
by composing abstract transfer functions and by approximating
concrete disjunctions of stores through their join in the abstract
lattice A. Let S 2 A:
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In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.

4. The class of complete abstractions
Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(!C "S) = !C "↵↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(#b $S) = #b $↵↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries
The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:

8⇢0 2 I, ⇢1 2 ⌃. !P "(⇢0) = ⇢1 =) !q"⇢1 = t.

or equivalently whether !P "(I ) ✓ #q $(!P "(I )). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics !P " with !P "↵ and to
under-approximate #q$(!P "(I )). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P

is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.

LEMMA 4.1. If q is a query and P a program such that ↵(!P ") =
!P "↵ then !P "(I ) ✓ #q$(!P "(I )) iff !P "↵I v #q$↵(!P "↵(I )).

4.2 Classes of Completeness
From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
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Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C
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observing that skip 2 C
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in the abstract domain and the abstract semantics for a program P

is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.

LEMMA 4.1. If q is a query and P a program such that ↵(!P ") =
!P "↵ then !P "(I ) ✓ #q$(!P "(I )) iff !P "↵I v #q$↵(!P "↵(I )).

4.2 Classes of Completeness
From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:

C
↵

def
=

�

P 2 Imp

�

� ↵(!P ") = !P "↵
 

Similarly we can define a completeness class of all Boolean expres-
sions.

E
↵

def
=

�

q 2 ImpExp

�

� ↵(#q$) = #q$↵
 

.

Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C

↵

| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C

↵

for any ↵. It is not extensional because
there exist P, Q 2 Imp such that: P is complete for ↵, !P " =

!Q", and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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;

typical elements ⇢. If |Var(P )| = n then ⌃ is also represented as a
set of n-tuples of values, i.e., ⌃ = Vn.

The functions !a" : ⌃ �!Z and !b" : ⌃ �!{f , t} respec-
tively denote the semantics of expressions and predicates in a given
state ⇢ 2 ⌃. The function #b $ : }(⌃)�!}(⌃) lifts the semantics
of predicates to sets of states S 2 }(⌃) in the natural way:

#b $S def
= {⇢ 2 S | !b"⇢ = t}.

We define the reachable states denotational semantics !C " :

}(⌃)�!}(⌃) as:

!skip"S def
= S

!x := a"S def
= {⇢[x 7! !a"⇢] | ⇢ 2 S}

!C1 ;C2 "S def
= !C2 "(!C1 "S)

! if b then C "S def
= !C "#b $S [ #¬b $S

! while b do C "S def
= #¬b $

�

lfp(�T. S [ !C "#b $T )

�

.

Note that for an always non-terminating program P , for any set
of states S we have !P " = ?. In the following we will always
assume recursive enumerable sets of states in }(⌃) as arguments
of semantic functions.

The best correct denotational semantics is defined for any
generic abstraction A 2 Abs(}(⌃)) such that A = ↵(⌃). We
first define the best correct transfer function for predicates on A:
#b $↵ : A�!A, such that for any S 2 A:

#b $↵S = ↵(
�

⇢ 2 S
�

� !b"⇢ = t
 

)

The generic abstract denotational semantics !C "↵ : A�!A is
derived as the best correct approximation of the concrete semantics
by composing abstract transfer functions and by approximating
concrete disjunctions of stores through their join in the abstract
lattice A. Let S 2 A:

!skip"↵S def
= S

!x := a"↵S def
= ↵({⇢[x 7! !a"⇢] | ⇢ 2 S})

!C1 ;C2 "↵S def
= !C2 "↵(!C1 "↵S)

! if b then C "↵S def
= #¬b $↵S t !C "↵(#b $↵S)

! while b do C "↵S def
= #¬b $↵

�

lfp(�X.↵(S) t !C "↵#b $↵X )

�

In the abstract fixpoint computation for a while-loop, standard
static analyzers replace the lub t with a widening operator r to
accelerate or force the convergence of the iterations [4]. These
analyses are not in the scope of the present paper.

4. The class of complete abstractions
Following the standard definitions in abstract interpretation (cf.
[4, 5]), an abstraction A = ↵(}(⌃)) is complete for a program
C 2 Imp when for all set of stores S 2 }(⌃):

↵(!C "S) = !C "↵↵(S).

The abstraction ↵ is complete for a Boolean test b when:

↵(#b $S) = #b $↵↵(S)).

Given a program P , checking whether the abstraction ↵ is complete
for P by computing the completeness shell or core of ↵, as intro-
duced in [13], is often too complex: the refinement indeed generates
an abstract domain which is complete for all programs involving
the syntactic objects in P and for all possible query. This makes the
complete shell/core transformations a global domain-theoretic tool
which is too strong for attacking questions conceding the behavior
of an analysis on a given program. This can be better explained by
introducing the notion of program query.

4.1 Program Queries
The goal of a static analysis/verification tool is to soundly answer
some question on the dynamic (concrete) execution of the program.
For instance, common queries to static analysis tools are: “is this
variable not-null?”, “Is this variable non-negative?”, “Does this
loop ever terminate?”. The first two are examples of safety prop-
erties, the third of a liveness property. Here, we focus on safety
properties. Given a program P , a set of initial states I ✓ ⌃, and a
predicate/query q we are interested to know whether the final states
satisfy the query, i.e., whether the following formula holds:

8⇢0 2 I, ⇢1 2 ⌃. !P "(⇢0) = ⇢1 =) !q"⇢1 = t.

or equivalently whether !P "(I ) ✓ #q $(!P "(I )). However, we
cannot decide it for each possible query. Therefore, we need to
over-approximate the collecting semantics !P " with !P "↵ and to
under-approximate #q$(!P "(I )). In general the abstract domains
used for the two approximations may be different, this is for in-
stance the case when a numerical abstract domain (e.g., intervals,
Octagons) is used to infer variable bounds and an SMT solver is
used to check the absence of buffer overruns. Here we are interested
in the case where there is no under-approximation of the query, that
is we require: (i) the two abstract domains to coincide; and (ii) the
query to be exactly represented in the abstract domain. For instance
the query x � y ^ y � 0 is exactly represented with octagons but
not with intervals — the best approximation with intervals being
x � 0 ^ y � 0.

The key observation is that if the query is exactly representable
in the abstract domain and the abstract semantics for a program P

is complete, then answering the question in the abstract is the same
as answering it in the concrete, i.e., no imprecision (for the given
program) is introduced by the abstraction. This is summarized by
the following lemma, which comes straight from the definitions.

LEMMA 4.1. If q is a query and P a program such that ↵(!P ") =
!P "↵ then !P "(I ) ✓ #q$(!P "(I )) iff !P "↵I v #q$↵(!P "↵(I )).

4.2 Classes of Completeness
From Lemma 4.1 it follows that the abstract interpretation designer
has only to focus on the set of programs that are complete for the
property of interest expressed in an abstract domain A. The same
notion can be defined for predicates and expressions. We call these
sets the class of completeness for A:

DEFINITION 4.2 (Completeness classes). Given an abstract do-
main A 2 Abs(}(⌃)) such that A = ↵(}(⌃)), the class of all
programs for which the abstract interpretation in A is complete is:

C
↵

def
=

�

P 2 Imp

�

� ↵(!P ") = !P "↵
 

Similarly we can define a completeness class of all Boolean expres-
sions.

E
↵

def
=

�

q 2 ImpExp

�

� ↵(#q$) = #q$↵
 

.

Roughly, the class of completeness of a programming language
defines the set of all programs for which a given abstraction will
never produce false alarms. This is a property of programs with
respect to the given abstraction. It is worth noting that this property
is infinite and not extensional (cf. [22]). It is infinite because for
any abstraction ↵ which is a computable function: |C

↵

| = !.
This can be proved by a straightforward padding argument and by
observing that skip 2 C

↵

for any ↵. It is not extensional because
there exist P, Q 2 Imp such that: P is complete for ↵, !P " =

!Q", and Q is not complete for ↵. This phenomenon is known
in programs analysis (e.g., see [17]) where semantics preserving
program transformations may loose precision of analyses.
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Completeness Class
C(↵) def

= {P program | ↵(JP K) = JP K! } 



Non Trivial

Completeness Class

C(↵) = All Programs ! ↵ " {�x.x, �x.# }

C(↵) def
= {P program | ↵(JP K) = JP K! } 

This incomplete program is deÞned !
similarly to Rice Theorem's proof 

b
c

! ! "

The static analysis ofDecInc on Int raises an alarm forq, meaning
that JDecIncKInt>Int = hx 2 [0, 0], y 2 [0,+1)i 6Int Jy < 9K.
However, sinceInt is not complete forDecInc, Lemma 4.1 does
not allow us to conclude that this is a false alarm. On the other
hand, the static analysis onOct also raises an alarm forq, because
JDecIncKOct

>Oct = hx 2 [0, 0], y 2 [9, 9]i 6Oct Jy < 9K, and in
this case Lemma 4.1 tells us that this is a real alarm.

Classes of Completeness. From Lemma 4.1 it is therefore natu-
ral to reason on the precision of an abstractionA in terms of the
set of programs that are complete for the program properties rep-
resented byA. This is the class of programs which represents at
best (and uniquely) the potential of an abstract domain in answer-
ing questions on their behavior. We therefore introduce the notion
of completeness class as a mapping from abstract domains to sets
of programs: those for which the abstraction is complete. An anal-
ogous completeness class is deÞned for arithmetic expressions and
Boolean predicates.

Definition 4.3 (Completeness Class). GivenA
↵

2 Abs(}(S)), its
completeness class C(A) (for commands) is deÞned as:

C(A) , {P 2 Imp | ↵(JP K) = JP K↵}.
Similarly, the completeness classes ofA for arithmetic, Boolean,
and generic expressions are:

A(A) , {a 2 AExp | ↵(JaK) = JaK↵}
B(A) , {b 2 BExp | ↵(JbK) = JbK↵}.

Roughly, the completeness classC(A) is deÞned to be the set
of all programs whose static analysis on a given abstractionA will
never produce false alarms for queries representable inA. This is
therefore a property of programs with respect to a Þxed abstraction.
It is worth noting that this property is inÞnite and non-extensional
(cf. [23]). It is inÞnite because for any abstract domainA whose
abstraction function is computable we have that|C(A)| = !. This
is shown by a straightforward padding argument by observing that
skip 2 C(A) for any A and because sequential composition of
complete commands is still complete. It is also non-extensional,
i.e., it is not an index set for partial recursive functions, because
there always exist programsP andQ such that:P is complete for
A, JP K = JQK, andQ is not complete forA. This phenomenon
is known in static analysis where semantics preserving program
transformations may lose precision of analyses (e.g., see [12, 17]).

Example 4.4. Consider the abstract domain for sign analysis of in-
teger variablesSign = {Z,�, 0,+,?}, which is a straightforward
abstraction ofh}(Z),✓i. We consider the standard nonrelational
lifting of Sign to a store abstraction inAbs(h}(S),✓i). Consider
the following two programs:

P ⌘ y := 2; z := 3;x := y ⇤ z

Q ⌘ y := 2; z := 3;x := y ⇤ (z � 1) + y

Obviously, we have thatJP K = JQK. However, sinceSign is
complete for multiplication and incomplete for addition, it turns
out that

Jx := y ⇤ zKSignhx/Z, y/+, z/+i = hx/+, y/+, z/+i

Jx := y ⇤ (z � 1) + yKSignhx/Z, y/+, z/+i = hx/Z, y/+, z/+i

so that

JP KSign? = hx/+, y/+, z/+i, JQKSign? = hx/Z, y/+, z/+i.

Thus,P 2 C(Sign) whileQ 62 C(Sign).
It turns out that the relative precision of abstract domainsÑ

encoded by the orderingv on the lattice of abstractionsÑand the
corresponding classes of completeness are not related. In particular,

it may well happen that for an abstractionA which is complete for a
givenP , a generic reÞnementAref of A, i.e.,Aref

v A, turns out to
be instead incomplete for the same programP . This phenomenon is
well known in static program analysis and it corresponds to the fact
that coarse abstractions may induce a complete static analysis for
some program where more precise ones instead fail for that same
program. In the following, we assume that the setS of all stores
is inÞnite. If we consider atrivial store abstraction, i.e., there is
no abstraction at all or any set of stores is abstracted into a single
(top) value corresponding to the ÒdonÕt knowÓ answer, then the
corresponding completeness class turns out to be the whole set of
programsImp. Let id 2 Abs(}(S)) denote the trivial identical
store abstraction (i.e., for anyS, id(S) = S) and>S 2 Abs(}(S))
denote the trivial ÒdonÕt knowÓ store abstraction (i.e., for anyS,
>S(S) = S). Also, let }re

(S) denote the set of all recursively
enumerable subsets ofS. Let us point out that any static program
analysis always relies on recursive, namely decidable, abstractions
A

↵

2 Abs(}(S)), meaning that: (i) for any store⇢ 2 S, ↵({⇢}) is
computable; and (ii) for anyS 2 }re

(S) and⇢ 2 S, ⇢ 2

? ↵(S) is
decidable.

Theorem 4.5. If A 2 Abs(}(S)) is recursive then C(A) = Imp
iff A 2 {id ,>S}.

Proof. The trivial abstractionsid and >S are complete for any
program, so that ifA = id or A = >S then C(A) = Imp.
Assume now thatC(A) = Imp andA 6= id andA 6= >S. Hence,
there exists someS 2 }re

(S) such thatS ( �(↵(S)) ( S.
SinceA is a decidable abstraction, we have thatS and�(↵(S))
are recursively enumerable. Hence, there exist programsP

S

and
P
↵(S) on a single integer variablex such thatJP

S

K S = S and
JP

↵(S)K S = �(↵(S)). We pick someb 2 Sr�(↵(S)) and some
c 2 �(↵(S))rS. Then, let us consider the programQ

bc

associated
with the following partial recursive function 

bc

: S ! S:

 
bc

(x) ,

8
><

>:

x if x 2 S

b if x = c

undeÞned otherwise

Observe that ifx 62 S thenJQ
bc

K{x} 6= {x}, sincec 6= b. Then,
it turns out that↵(JQ

bc

KS) = ↵(S) and↵(JQ
bc

K�(↵(S))) =

↵(S [ {b}). Moreover, sinceS ( �(↵(S)) ✓ �(↵(S [ {b})),
by GC, we obtain that↵(S) � ↵(S [ {b}). Thus, we have shown
that there exists a set of storesS 2 }re

(S) such that:

↵(JQ
bc

KS) � ↵(JQ
bc

K�(↵(S)))  JQ
bc

K↵↵(S).
This means1 thatQ

bc

62 C(A) which contradicts the hypothesis
thatC(A) = Imp.

Informally, the result above states that for all nontrivial abstrac-
tions there exists a program for which the abstraction is incomplete.
Moreover, by a straightforward padding argument, any of these pro-
grams (e.g.,Q

bc

in the proof of Theorem 4.5) can be extended
to an inÞnite set of programs for which the abstraction is incom-
plete. This means that any nontrivial abstraction has an inÞnite set
of programs for which it is incomplete. We show thatC(A) and
its complementC(A), for any nontrivial abstractionA, areproduc-
tive sets. Recall that a setS is productive if there exists a general
effective method (i.e., a total recursive function) which enables us
to Þnd, for any recursively enumerable subsetY ✓ X, an element

1 Note that, for generic recursively enumerable setsS and�(↵(S)) such
thatS ( �(↵(S)), the set�(↵(S))rS may not be recursively enumerable.
This means that (due to thec 2 �(↵(S)) r S) the programQ

bc

exists but
we may not have a constructive computable way for building it. The mere
existence ofQ

bc

as a mathematical object is enough for the purpose of this
proof.

 b,c : Store ! Store

S

S



Non 
Extensional

Completeness Class
C(↵) def

= {P program | ↵(JP K) = JP K! }

P complete, JP K = JQK 6) Q complete

 

?

+ �

�x.g(f(x)) and f(S) =

�

f(s)
�

� s 2 S
 ✓ T . Functions

ordered point-wise give rise to a lattice, namely f, g : L�!D are
such that f v g if for any x 2 L : f(x) 

D

g(x). We denote with
t and u the lub and glb of functions. f : L�!D on complete
lattices is additive (co-additive) if for any Y ✓ L, f(_

L

Y ) =

_
D

f(Y ) (f(^
L

Y ) = ^
D

f(Y )). A function f is continuous
when it preserves lubs’s of chains. Co-continuity is dually defined.
For a continuous function f : lfp(f) =

V

�

x
�

� x = f(x)
 

=

W

n2N f
n

(?) where f0
(?) = ? and fn+1

(?) = f(fn

(?)). The
gfp is dually defined for co-continuous functions.

Abstract interpretation. It is known that abstract domains can be
equivalently specified as Galois connections or closure operators
on complete lettices (cf. [5]). Let C and A be complete lattices, a
pair of monotone functions ↵ : C�!A and � : A�!C forms a
Galois connection (GC) between C and A if for every x 2 C and
y 2 A we have ↵(x) 

A

y , x 
C

�(y). ↵ (resp. �) is the left-
adjoint (resp. right-adjoint) to � (resp. ↵) and it is additive (resp.
co-additive). Given an additive (resp. co-additive) function ↵ (resp.
�) we have a GC h↵,↵+i (resp. h��, �i) by considering its right
(resp. left) adjoint ↵+

= �x.
W{y | ↵(y)  x} (resp. ��

=

�x.
V{y | x  �(y)}). An upper closure operator (or simply a

closure) on a complete lattice hC,i is an operator � : C�!C

which is monotone, idempotent, and extensive (i.e., x  �(x)).
We denote with uco(C) the set of all closure operators on the poset
L. If h↵, �i is a GC between C and A then � � ↵ 2 uco(C).
If ↵ 2 uco(C) then h↵, idi is a GC between C and ↵(C).
In this case huco(C),v,t,u,�x.C, idi forms itself a complete
lattice [23], which is isomorphic, up to representation of abstract
elements, to the set of all possible abstractions Abs(C) of C, i.e.,
Abs(C)

⇠
=

uco(C). Because of this, in the following we will
always identify an abstract domain A 2 Abs(C) with its (unique)
associated closure operator ↵ 2 uco(C) such that ↵(C) = A.
In the following we will used both Abs(C) and uco(C) in order
to distinguish respectively the use of closures as abstract domains
and as abstraction functions. Recall that the set of fix-points A of
a closure ↵ is always a Moore family, A = M(A)

def
= {^S | S ✓

A}. Therefore ^? = > 2 A. Here the bottom element is id =

�x.x, the top is �x.>
C

and for every ↵,� 2 uco(C): ↵ is more
concrete than � iff ↵ v � iff for each y 2 C. ↵(y)  �(y) iff
�(C) ✓ ↵(C), (u

i2I

↵
i

)(x) = ^
i2I

↵
i

(x); (t
i2I

↵
i

)(x) = x
iff for each i 2 I. ↵

i

(x) = x. An abstraction ↵ 2 uco(C) is
disjunctive when ↵(C) is a join-sublattice of C, which holds iff
↵ is additive (cf. [5]). Examples of abstract domains include the
abstract domain of intervals:

Int = �X ✓ Z. [min(X),max(X)]

where:

min(X) =

⇢

x 2 X if 8y 2 X. x  y
�1 otherwise

max(X) =

⇢

x 2 X if 8y 2 X. y  x
+1 otherwise

In this case Int 2 uco(}(Z)). The non-relational lift of intervals
to n-dimensions is straightforward and it is defined in terms of a
function ext : Int(}(Z))⇥[0, n�1]�!}(Zn

) defined as follows:
if I 2 Int(}(Z)) is an interval with boundaries in Z[{�1,+1}
and ~x

r

is the projection of the vector ~x 2 Zn along the affine
subspace r of Zn of dimension 1 (i.e., a line), then we define

ext(I, r)
def
=

�

~x 2 Zn

�

� ~x
r

2 I
 

For i 2 [0, n � 1] we denote r
i

the i-th dimension, namely the
affine subspace given by the set r

i

=

�

~x
�

� 8j 6= i. ~x
j

= 0

 

. In

this case Intn 2 uco(}(Zn

)) is such that:

Intn(X) =

\

�

ext(I, r
i

)

�

� X ✓ ext(I, r
i

), 0  i  n� 1

 

The Octagon abstract domain [20] generalizes the Zone abstraction
introduced for model checking timed automata in [16] and based
on Difference-Bound Matrices (DBM), i.e., constraints of the form
v
j

� v
i

 c. Octagons are defined by enhancing DBMs including
also constraints of the form v

j

+ v
i

 c. Let m be a matrix having
coefficients m

i,j

2 Z [ {�1,+1}. Then

Octm =

�

~x 2 Zn

�

� 8i, j. ± ~x
j

± ~x
i

 m
i,j

 

If X 2 }(Zn

) then:

Oct(X) =

\

�

Octm
�

� X ✓ Octm
 

Intn,Oct 2 uco(}(Zn

)) and Oct v Intn. Algorithms for having
unique canonical representations of Octagons have been developed
in order to guarantee that these domains hold a GC (see [20]).

Soundness and completeness. If f : C�!C is a continuous
function and ↵ 2 uco(C) then f always has a best correct ap-
proximation in ↵(C) which is f↵

def
= ↵ � f � ↵. Any approxima-

tion f ]

: ↵(C)�!↵(C) of f in ↵(C) is sound if f↵ v f ]. In this
case we have the fix-point soundness ↵(lfpf)  lfp(f↵

)  lfp(f ]

)

(cf. [4]). f ] is complete when ↵ � f = f ] � ↵ (see [5, 21]) which
holds iff ↵ � f = ↵ � f � ↵ (cf. [13]). Therefore the possibil-
ity of defining a complete approximation f ] of f on some ab-
stract domain ↵ only depends on f and ↵. In this case we have
the so called Kleene fix-point transfer or fix-point completeness:
↵(lfpf) = lfp(f↵

) = lfp(f ]

) [4].

The problem of making abstract domains complete has been
solved in [13]. A constructive characterization of the most abstract
refinement, called complete shell, and of the most concrete sim-
plification, called complete core, of any domain, making it com-
plete, for a given continuous function f , is given as a solution
of an abstract domain equation. Let f : C�!C be continu-
ous and ↵ 2 uco(C), and consider the following basic operators
R

f

, C
f

: uco(C)�!uco(C) transforming closures (therefore ab-
stractions):

R
f

def
= �X.M(

S

y2X

max(f�1
(#y)))

C
f

def
= �X.

�

y 2 C
�

�

max(f�1
(#y)) ✓ X

 

The most concrete � w ↵ such that � is complete for f is
the complete core of ↵. The most abstract � is complete for
f is the complete shell of ↵. These abstract domains can be
constructively defined as a fix-point iteration on abstract do-
mains, which are respectively R

f

(↵) = gfp(�X. ↵ uR
f

(X))

and C
f

(↵) = lfp(�X. ↵ t C
f

(X)). It is worth noting that the
complete core and shell are adjoint abstract domain transformers,
i.e., they form a GC on the lattice of all abstract domains: for any
↵, ⌘ 2 uco(C): C

f

(⌘) v ↵ , ⌘ v R
f

(↵).

3. Syntax, Semantics, and Abstract Semantics
We consider a simple deterministic while-language Imp as defined
in [24]. We often view programs as both sequences of commands
and sets of commands.

C ::= skip | x := a | C ;C | if b then C |
while b do C

e ::= a | b
a ::= a + a | a � a | x 2 Var | k 2 Z
b ::= t | f | a = a | a > a | b ^ b | b _ b | ¬b

Var(s) denote the set of variables in the syntactic (command or
expression) s. ⌃ def

= Var�!}(Z) denotes the set of stores, with
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P : x := y
Q : x := y + 1; x := x � 1

gram analysis through a proof system. The subject of our analysis
is a given abstract interpretation of a program, while the property
to analyze is the completeness of this abstract interpretation. Com-
pleteness for an abstract interpretation is particularly important be-
cause it formalizes the absence of false alarms, and therefore it is
deeply related with the quality of the program analysis. The most
related approach is in [13], where the authors define a constructive
optimal abstraction refinement for deriving the most abstract com-
plete domain which refines a given (incomplete) abstraction for a
generic program statement. Our method follows an orthogonal pat-
tern. We are not interested in refining an abstract domain for ob-
taining completeness with respect to a given class of programs, but
rather in studying the class of programs for which a given abstrac-
tion is complete. This different starting point leads us to design a
deductive system for deriving a completeness proof for programs
on a given abstraction. This new perspective allows us to decom-
pose the problem of attaining a complete abstraction for a given
program, which becomes modular and inductive on the program’s
syntax. The ubiquity of completeness properties in static analysis is
also studied in [22], where it is argued how completeness can play
a beneficial role for designing static analyses by reasoning on the
completeness properties of their underlying abstract domains.

Provably precise static analyses usually make some assumption
on the syntactic form of the analyzed program. For instance the
precise interprocedural analysis of [21] computes, for each pro-
gram point, all the affine relations among program variables. What
the authors call “precision” is effectively our notion of complete-
ness. They achieve precision by focusing on a particular class of
programs, namely affine programs. Affine programs are such that:
(i) all guards are non-deterministic; and (ii) the right-hand side of
assignments are either affine expressions or unknown values. Sim-
ilarly, in type systems, it is customary to ignore the guards in or-
der to prove the completeness of the type inference algorithm, e.g.,
in [9]. We argued in this article that the main problem for prov-
ing completeness is the handling of assignments and of Boolean
guards.

Our research follows the lines of a recent approach by Cousot
and Cousot [5] who put forward a type system for typing the struc-
ture of an abstract interpretation. A type represents inductively the
way an abstraction has been built by composing simpler abstrac-
tions through systematic domain operations like reduced product.
It could be interesting to investigate the possibility of combining
our proof system with a structural type system for abstract inter-
pretations as in [5], with the aim of providing along a derivation in
! A some additional information about the used sub-domains and
their composition through domain operations.

8. Conclusion

Static analysis is, by design, incomplete. Nevertheless, experience
has shown that it can be made precise enough to be used for ver-
ification [6, 11]. We envision static analyses which in addition to
the inferred invariants also provide completeness certificates. The
completeness certificate is used to provide confidence to the anal-
ysis of alarms. As a foundational step towards this goal, we in-
troduced a theoretical framework to prove the completeness of a
static analysis. We have shown that the source of incompleteness
lies in the handling of Boolean guards and, for relational abstrac-
tions, in assignments. For nonrelational abstractions we introduced
an abstraction-independent core proof system which pushes the
completeness of the analysis to the numerical expressions and the
Boolean guards of conditionals and loops. For relational abstrac-
tions, instead, the structure of complete assignments has to be de-
rived in advance in order to obtain a sound proof system. We argued
that the designer of a static analyzer should also provide complete-
ness conditions for the Boolean guards and that these conditions

could be automatically checked by further, yet less sophisticated,
static analyses—we leave the design of such automated analyses
for future work. We studied the completeness of Boolean guards in
widely used numerical abstractions such as Intervals and Octagons.
Most known abstract domains have been indeed designed to pre-
cisely capture properties of some given programs. This is justified
by the fact that the class of completeness C(A) of any abstraction
A is always an infinite set. Therefore, deriving an abstract domain
which is complete for a specific program P provides at the same
time a domain which is complete for an infinite class of programs.

As future work, we think that proving completeness of static
analyses could be also beneficial to: (i) automatically apply abstract
code repairs [18]—if the analysis of the original and the repaired
programs can both be proven complete, then the repair is very likely
to have fixed a concrete bug; (ii) validate refactorings [8]—among
different program refactorings one may only keep the one(s) for
which she can prove it preserves the completeness of the analy-
sis; (iii) provide a better understanding of why over-approximating
analyses of arrays [7] works well in practice even without perform-
ing under-approximations, argued as necessary in [15].
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Intervals

The problem
if (x = null )

x := new object();
else skip;
/ / query: x != null ?

Figure 1. The program NN: an example where the nullness ab-
straction is complete.

x := 9;
while (x > 0)

x := x " 1;
/ / query: x = 0 ?

Figure 2. The program Dec: an example where intervals are com-
plete, but the proof is not trivial.

x := 9;
while (x > 0)

x := x " 2;
/ / query: x = " 1?

Figure 3. The program Dec2: an example where intervals are in-
complete, and a naif proof system may deduce the opposite.

?, and for any abstraction A every abstract value different from the
bottom value # A will be correct yet incomplete. Also, one could
reason as follows: the assignment x := 9 with a constant is precise
with intervals; both Boolean guards x > 0 and x $ 0 can be
exactly represented with intervals, resp. by [1,+ %) and ("% , 0];
the decrement operation x := x " 1 on intervals is precise, e.g.,
[3, 9] " [1, 1] = [2 , 8]. Therefore, one may conclude that this
is why the analysis of Dec with intervals is complete. However,
this way of reasoning is wrong. Consider the program Dec2 in
Figure 3. In its concrete semantics, at the loop exit point we have
that x & [" 1, " 1], whereas in its analysis with Int , the most precise
invariant we can obtain, even without widenings, is x & [" 1, 0].
Therefore, Dec2 !&C(Int). By contrast, here, the same (intuitive)
argument as for the Decprogram still holds: assignment x := 9 is
precise with Int; both x > 0 and x $ 0 can be exactly represented
with Int; the decrement x := x " 2 on intervals is precise, e.g.,
[3, 9] " [2, 2] = [1 , 7].

Where is the problem with the above reasoning? It turns out that,
even if the guard x $ 0 can be exactly represented with intervals,
its transfer function [[x $ 0]] : }(Z) ' }(Z) is not complete
with respect to Int . To give an example, let us consider the set of
concrete values S = { " 1, 1, 3, 5, 7, 9} , which is the set of values
of x computed by the while-loop of Dec2. Hence, if the input to
[[x $ 0]] is S then we obtain in Int:

Int([[x $ 0]]S) = Int({ x | x $ 0} ( S)

= Int({ " 1} ) = [ " 1, " 1].

On the other hand, if the input to [[x $ 0]] is instead the abstraction
Int(S) then we have:

Int([[x $ 0]]Int(S)) = Int([[x $ 0]][" 1, 9])

= Int([" 1, 0]) = [ " 1, 0],

that is, the transfer function [[x $ 0]] is not complete on Int . There-
fore, we cannot use mere syntactic arguments to prove whether
P & C(A) because they may lead to wrong conclusions.

Our Solution. As a first step, one may think to design a deductive
system for proving that a program P is complete for an abstraction

x := 9; y := 0;
while (x > 0)

{ x := x " 1; y := y + 1 }
/ / query: y = 9 ?

Figure 4. The program DecInc: an example where Intervals are
incomplete whereas Octagons are complete.

A which requires that all the assignments and Boolean guards of
P are complete for A. Such a deductive system will be sound, but
definitely too strong. For instance, we cannot use it to prove that the
analysis of very simple programs as Decin Figure 2 is complete—
this deductive system can deduce completeness of NN in Figure 1,
though.

Instead, we propose a layered proof system for completeness.
Roughly, the layered proof system pushes the completeness proof
of the analysis from the program statements up to the assignments
and Boolean guards, and then it may use a further analysis to prove
their completeness. For instance, in the example of Figure 2, the
analysis of the program Dec is complete if both the initialization
and the while loop are complete. The analysis of the initialization
x := 9 is trivially complete for intervals. The analysis of the while
loop is complete if the analysis of the Boolean guard, of its nega-
tion, and of the body are. With a little bit of effort, we can prove that
the analysis of the body x := x " 1 is complete for intervals. The
problem comes with the Boolean guards x > 0 and x $ 0. We ob-
served before that, in general, intervals are not complete for those
guards. We will show that incompleteness happens when there is
a “hole” in the concrete set of values and the Boolean guard dis-
cerns among those: in fact, in our counterexample above, S has a
hole between " 1 and 1 and the guard mentions 0. In the program
Dec, there is no such a hole, because the variable x assumes, in the
concrete, all the values between 0 and 9. Thus, the analysis of the
Boolean tests of Decwith intervals is complete. We can use a static
analysis to prove this, and to conclude that the interval analysis of
Decis complete.

We should be careful in defining what “holes” are. Consider the
program DecIncin Figure 4. Here, both x and y uniformly assume
all the values between 0 and 9 and at the end of the loop we have
that x = 0 and y = 9 . However, the analysis of DecInc with
intervals will determine at best that y & [0,+ %). Once again,
the source of incompleteness is the Boolean guard. In fact, the
transfer function of x $ 0, which is the negation of the guard
x > 0, is not complete for intervals with the set of input pairs
(x, y) of concrete values S = { (9, 0), (8, 1), . . . , (1, 8), (0, 9)} . It
is worth remarking that this incompleteness does not originate from
a perceived imprecision in the abstract join of intervals: in fact, the
abstract lub ) A of any abstraction A is alwayscomplete, meaning
that ↵(X * Y ) = ↵(X) ) A ↵(Y ) always holds—since abstraction
functions in Galois connections always preserve joins [3]. On the
other hand, using the abstract domain of Octagons [20], the guard
x > 0 and its negation x $ 0 are instead complete for the input
set S.

A further issue arises with assignments. For relational abstrac-
tions as Octagons, it turns out that assignments like z := x+ y and
x := 2 + y are incomplete even if x + y and 2 + y are complete
considered as numerical expressions. Indeed, we will show that the
only assignments which are complete for Octagons have the follow-
ing shape: x := a + y + k and x := a +x + k for a & { " 1, 0, 1}
and k & Z.

Given an abstraction, it is therefore natural to ask: (i) which con-
ditions on assignments/Boolean expressions and their input con-
crete states ensure completeness of the analysis; and (ii) how to

x 2 [0, 0]

x 2 [0, 9]

Given a program P can we prove  
whether an analysis of P with α will be complete?
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Intervals

The problem

if (x = null )
x := new object();

else skip ;
/ / query: x != null ?

Figure 1. The program NN: an example where the nullness ab-
straction is complete.

x := 9;

while (x > 0 )
x := x " 1;

/ / query: x = 0?

Figure 2. The program Dec: an example where intervals are com-
plete, but the proof is not trivial.

x := 9;

while (x > 0 )
x := x " 2;

/ / query: x = " 1?

Figure 3. The program Dec2: an example where intervals are in-
complete, and a naif proof system may deduce the opposite.

?, and for any abstraction A every abstract value different from the
bottom value # A will be correct yet incomplete. Also, one could
reason as follows: the assignment x := 9 with a constant is precise
with intervals; both Boolean guards x > 0 and x $ 0 can be
exactly represented with intervals, resp. by [1,+% ) and ("% , 0];
the decrement operation x := x " 1 on intervals is precise, e.g.,
[3, 9] " [1, 1] = [2, 8]. Therefore, one may conclude that this
is why the analysis of Dec with intervals is complete. However,
this way of reasoning is wrong. Consider the program Dec2 in
Figure 3. In its concrete semantics, at the loop exit point we have
that x & [" 1, " 1], whereas in its analysis with Int , the most precise
invariant we can obtain, even without widenings, is x & [" 1, 0].
Therefore, Dec2 !&C(Int). By contrast, here, the same (intuitive)
argument as for the Dec program still holds: assignment x := 9 is
precise with Int; both x > 0 and x $ 0 can be exactly represented
with Int; the decrement x := x " 2 on intervals is precise, e.g.,
[3, 9] " [2, 2] = [1, 7].

Where is the problem with the above reasoning? It turns out that,
even if the guard x $ 0 can be exactly represented with intervals,
its transfer function [[x $ 0]] : ! (Z) ' ! (Z) is not complete
with respect to Int . To give an example, let us consider the set of
concrete values S = {" 1, 1, 3, 5, 7, 9}, which is the set of values
of x computed by the while-loop of Dec2. Hence, if the input to
[[x $ 0]] is S then we obtain in Int:

Int([[x $ 0]]S) = Int({x | x $ 0} ( S)

= Int({" 1}) = [" 1, " 1].

On the other hand, if the input to [[x $ 0]] is instead the abstraction
Int(S) then we have:

Int([[x $ 0]]Int(S)) = Int([[x $ 0]][" 1, 9])

= Int([" 1, 0]) = [" 1, 0],

that is, the transfer function [[x $ 0]] is not complete on Int . There-
fore, we cannot use mere syntactic arguments to prove whether
P & C(A) because they may lead to wrong conclusions.

Our Solution. As a first step, one may think to design a deductive
system for proving that a program P is complete for an abstraction

x := 9; y := 0;

while (x > 0 )
{x := x " 1; y := y + 1}

/ / query: y = 9?

Figure 4. The program DecInc: an example where Intervals are
incomplete whereas Octagons are complete.

A which requires that all the assignments and Boolean guards of
P are complete for A. Such a deductive system will be sound, but
definitely too strong. For instance, we cannot use it to prove that the
analysis of very simple programs as Dec in Figure 2 is complete—
this deductive system can deduce completeness of NN in Figure 1,
though.

Instead, we propose a layered proof system for completeness.
Roughly, the layered proof system pushes the completeness proof
of the analysis from the program statements up to the assignments
and Boolean guards, and then it may use a further analysis to prove
their completeness. For instance, in the example of Figure 2, the
analysis of the program Dec is complete if both the initialization
and the while loop are complete. The analysis of the initialization
x := 9 is trivially complete for intervals. The analysis of the while
loop is complete if the analysis of the Boolean guard, of its nega-
tion, and of the body are. With a little bit of effort, we can prove that
the analysis of the body x := x " 1 is complete for intervals. The
problem comes with the Boolean guards x > 0 and x $ 0. We ob-
served before that, in general, intervals are not complete for those
guards. We will show that incompleteness happens when there is
a “hole” in the concrete set of values and the Boolean guard dis-
cerns among those: in fact, in our counterexample above, S has a
hole between " 1 and 1 and the guard mentions 0. In the program
Dec, there is no such a hole, because the variable x assumes, in the
concrete, all the values between 0 and 9. Thus, the analysis of the
Boolean tests of Dec with intervals is complete. We can use a static
analysis to prove this, and to conclude that the interval analysis of
Dec is complete.

We should be careful in defining what “holes” are. Consider the
program DecInc in Figure 4. Here, both x and y uniformly assume
all the values between 0 and 9 and at the end of the loop we have
that x = 0 and y = 9. However, the analysis of DecInc with
intervals will determine at best that y & [0,+% ). Once again,
the source of incompleteness is the Boolean guard. In fact, the
transfer function of x $ 0, which is the negation of the guard
x > 0, is not complete for intervals with the set of input pairs
(x, y) of concrete values S = {(9, 0), (8, 1), . . . , (1, 8), (0, 9)}. It
is worth remarking that this incompleteness does not originate from
a perceived imprecision in the abstract join of intervals: in fact, the
abstract lub ) A of any abstraction A is always complete, meaning
that " (X * Y ) = " (X) ) A " (Y ) always holds—since abstraction
functions in Galois connections always preserve joins [3]. On the
other hand, using the abstract domain of Octagons [20], the guard
x > 0 and its negation x $ 0 are instead complete for the input
set S.

A further issue arises with assignments. For relational abstrac-
tions as Octagons, it turns out that assignments like z := x+ y and
x := 2 + y are incomplete even if x + y and 2 + y are complete
considered as numerical expressions. Indeed, we will show that the
only assignments which are complete for Octagons have the follow-
ing shape: x := a + y + k and x := a +x + k for a & {" 1, 0, 1}
and k & Z.

Given an abstraction, it is therefore natural to ask: (i) which con-
ditions on assignments/Boolean expressions and their input con-
crete states ensure completeness of the analysis; and (ii) how to
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Complete

if (x = null )
x := new object();

else skip;
/ / query: x != null ?

Figure 1. The program NN: an example where the nullness ab-
straction is complete.

x := 9;
while (x > 0)

x := x " 1;
/ / query: x = 0 ?

Figure 2. The program Dec: an example where intervals are com-
plete, but the proof is not trivial.

x := 9;
while (x > 0)

x := x " 2;
/ / query: x = " 1?

Figure 3. The program Dec2: an example where intervals are in-
complete, and a naif proof system may deduce the opposite.

?, and for any abstraction A every abstract value different from the
bottom value # A will be correct yet incomplete. Also, one could
reason as follows: the assignment x := 9 with a constant is precise
with intervals; both Boolean guards x > 0 and x $ 0 can be
exactly represented with intervals, resp. by [1,+ %) and ("% , 0];
the decrement operation x := x " 1 on intervals is precise, e.g.,
[3, 9] " [1, 1] = [2 , 8]. Therefore, one may conclude that this
is why the analysis of Dec with intervals is complete. However,
this way of reasoning is wrong. Consider the program Dec2 in
Figure 3. In its concrete semantics, at the loop exit point we have
that x & [" 1, " 1], whereas in its analysis with Int , the most precise
invariant we can obtain, even without widenings, is x & [" 1, 0].
Therefore, Dec2 !&C(Int). By contrast, here, the same (intuitive)
argument as for the Decprogram still holds: assignment x := 9 is
precise with Int; both x > 0 and x $ 0 can be exactly represented
with Int; the decrement x := x " 2 on intervals is precise, e.g.,
[3, 9] " [2, 2] = [1 , 7].

Where is the problem with the above reasoning? It turns out that,
even if the guard x $ 0 can be exactly represented with intervals,
its transfer function [[x $ 0]] : }(Z) ' }(Z) is not complete
with respect to Int . To give an example, let us consider the set of
concrete values S = { " 1, 1, 3, 5, 7, 9} , which is the set of values
of x computed by the while-loop of Dec2. Hence, if the input to
[[x $ 0]] is S then we obtain in Int:

Int([[x $ 0]]S) = Int({ x | x $ 0} ( S)

= Int({ " 1} ) = [ " 1, " 1].

On the other hand, if the input to [[x $ 0]] is instead the abstraction
Int(S) then we have:

Int([[x $ 0]]Int(S)) = Int([[x $ 0]][" 1, 9])

= Int([" 1, 0]) = [ " 1, 0],

that is, the transfer function [[x $ 0]] is not complete on Int . There-
fore, we cannot use mere syntactic arguments to prove whether
P & C(A) because they may lead to wrong conclusions.

Our Solution. As a first step, one may think to design a deductive
system for proving that a program P is complete for an abstraction

x := 9; y := 0;
while (x > 0)

{ x := x " 1; y := y + 1 }
/ / query: y = 9 ?

Figure 4. The program DecInc: an example where Intervals are
incomplete whereas Octagons are complete.

A which requires that all the assignments and Boolean guards of
P are complete for A. Such a deductive system will be sound, but
definitely too strong. For instance, we cannot use it to prove that the
analysis of very simple programs as Decin Figure 2 is complete—
this deductive system can deduce completeness of NN in Figure 1,
though.

Instead, we propose a layered proof system for completeness.
Roughly, the layered proof system pushes the completeness proof
of the analysis from the program statements up to the assignments
and Boolean guards, and then it may use a further analysis to prove
their completeness. For instance, in the example of Figure 2, the
analysis of the program Dec is complete if both the initialization
and the while loop are complete. The analysis of the initialization
x := 9 is trivially complete for intervals. The analysis of the while
loop is complete if the analysis of the Boolean guard, of its nega-
tion, and of the body are. With a little bit of effort, we can prove that
the analysis of the body x := x " 1 is complete for intervals. The
problem comes with the Boolean guards x > 0 and x $ 0. We ob-
served before that, in general, intervals are not complete for those
guards. We will show that incompleteness happens when there is
a “hole” in the concrete set of values and the Boolean guard dis-
cerns among those: in fact, in our counterexample above, S has a
hole between " 1 and 1 and the guard mentions 0. In the program
Dec, there is no such a hole, because the variable x assumes, in the
concrete, all the values between 0 and 9. Thus, the analysis of the
Boolean tests of Decwith intervals is complete. We can use a static
analysis to prove this, and to conclude that the interval analysis of
Decis complete.

We should be careful in defining what “holes” are. Consider the
program DecIncin Figure 4. Here, both x and y uniformly assume
all the values between 0 and 9 and at the end of the loop we have
that x = 0 and y = 9 . However, the analysis of DecInc with
intervals will determine at best that y & [0,+ %). Once again,
the source of incompleteness is the Boolean guard. In fact, the
transfer function of x $ 0, which is the negation of the guard
x > 0, is not complete for intervals with the set of input pairs
(x, y) of concrete values S = { (9, 0), (8, 1), . . . , (1, 8), (0, 9)} . It
is worth remarking that this incompleteness does not originate from
a perceived imprecision in the abstract join of intervals: in fact, the
abstract lub ) A of any abstraction A is alwayscomplete, meaning
that ↵(X * Y ) = ↵(X) ) A ↵(Y ) always holds—since abstraction
functions in Galois connections always preserve joins [3]. On the
other hand, using the abstract domain of Octagons [20], the guard
x > 0 and its negation x $ 0 are instead complete for the input
set S.

A further issue arises with assignments. For relational abstrac-
tions as Octagons, it turns out that assignments like z := x+ y and
x := 2 + y are incomplete even if x + y and 2 + y are complete
considered as numerical expressions. Indeed, we will show that the
only assignments which are complete for Octagons have the follow-
ing shape: x := a + y + k and x := a +x + k for a & { " 1, 0, 1}
and k & Z.

Given an abstraction, it is therefore natural to ask: (i) which con-
ditions on assignments/Boolean expressions and their input con-
crete states ensure completeness of the analysis; and (ii) how to

if (x = null )
x := new object();

else skip ;
/ / query: x != null ?

Figure 1. The program NN: an example where the nullness ab-
straction is complete.

x := 9;

while (x > 0 )
x := x " 1;

/ / query: x = 0?

Figure 2. The program Dec: an example where intervals are com-
plete, but the proof is not trivial.

x := 9;

while (x > 0 )
x := x " 2;

/ / query: x = " 1?

Figure 3. The program Dec2: an example where intervals are in-
complete, and a naif proof system may deduce the opposite.

?, and for any abstraction A every abstract value different from the
bottom value # A will be correct yet incomplete. Also, one could
reason as follows: the assignment x := 9 with a constant is precise
with intervals; both Boolean guards x > 0 and x $ 0 can be
exactly represented with intervals, resp. by [1,+% ) and ("% , 0];
the decrement operation x := x " 1 on intervals is precise, e.g.,
[3, 9] " [1, 1] = [2, 8]. Therefore, one may conclude that this
is why the analysis of Dec with intervals is complete. However,
this way of reasoning is wrong. Consider the program Dec2 in
Figure 3. In its concrete semantics, at the loop exit point we have
that x & [" 1, " 1], whereas in its analysis with Int , the most precise
invariant we can obtain, even without widenings, is x & [" 1, 0].
Therefore, Dec2 !&C(Int). By contrast, here, the same (intuitive)
argument as for the Dec program still holds: assignment x := 9 is
precise with Int; both x > 0 and x $ 0 can be exactly represented
with Int; the decrement x := x " 2 on intervals is precise, e.g.,
[3, 9] " [2, 2] = [1, 7].

Where is the problem with the above reasoning? It turns out that,
even if the guard x $ 0 can be exactly represented with intervals,
its transfer function [[x $ 0]] : ! (Z) ' ! (Z) is not complete
with respect to Int . To give an example, let us consider the set of
concrete values S = {" 1, 1, 3, 5, 7, 9}, which is the set of values
of x computed by the while-loop of Dec2. Hence, if the input to
[[x $ 0]] is S then we obtain in Int:

Int([[x $ 0]]S) = Int({x | x $ 0} ( S)

= Int({" 1}) = [" 1, " 1].

On the other hand, if the input to [[x $ 0]] is instead the abstraction
Int(S) then we have:

Int([[x $ 0]]Int(S)) = Int([[x $ 0]][" 1, 9])

= Int([" 1, 0]) = [" 1, 0],

that is, the transfer function [[x $ 0]] is not complete on Int . There-
fore, we cannot use mere syntactic arguments to prove whether
P & C(A) because they may lead to wrong conclusions.

Our Solution. As a first step, one may think to design a deductive
system for proving that a program P is complete for an abstraction

x := 9; y := 0;

while (x > 0 )
{x := x " 1; y := y + 1}

/ / query: y = 9?

Figure 4. The program DecInc: an example where Intervals are
incomplete whereas Octagons are complete.

A which requires that all the assignments and Boolean guards of
P are complete for A. Such a deductive system will be sound, but
definitely too strong. For instance, we cannot use it to prove that the
analysis of very simple programs as Dec in Figure 2 is complete—
this deductive system can deduce completeness of NN in Figure 1,
though.

Instead, we propose a layered proof system for completeness.
Roughly, the layered proof system pushes the completeness proof
of the analysis from the program statements up to the assignments
and Boolean guards, and then it may use a further analysis to prove
their completeness. For instance, in the example of Figure 2, the
analysis of the program Dec is complete if both the initialization
and the while loop are complete. The analysis of the initialization
x := 9 is trivially complete for intervals. The analysis of the while
loop is complete if the analysis of the Boolean guard, of its nega-
tion, and of the body are. With a little bit of effort, we can prove that
the analysis of the body x := x " 1 is complete for intervals. The
problem comes with the Boolean guards x > 0 and x $ 0. We ob-
served before that, in general, intervals are not complete for those
guards. We will show that incompleteness happens when there is
a “hole” in the concrete set of values and the Boolean guard dis-
cerns among those: in fact, in our counterexample above, S has a
hole between " 1 and 1 and the guard mentions 0. In the program
Dec, there is no such a hole, because the variable x assumes, in the
concrete, all the values between 0 and 9. Thus, the analysis of the
Boolean tests of Dec with intervals is complete. We can use a static
analysis to prove this, and to conclude that the interval analysis of
Dec is complete.

We should be careful in defining what “holes” are. Consider the
program DecInc in Figure 4. Here, both x and y uniformly assume
all the values between 0 and 9 and at the end of the loop we have
that x = 0 and y = 9. However, the analysis of DecInc with
intervals will determine at best that y & [0,+% ). Once again,
the source of incompleteness is the Boolean guard. In fact, the
transfer function of x $ 0, which is the negation of the guard
x > 0, is not complete for intervals with the set of input pairs
(x, y) of concrete values S = {(9, 0), (8, 1), . . . , (1, 8), (0, 9)}. It
is worth remarking that this incompleteness does not originate from
a perceived imprecision in the abstract join of intervals: in fact, the
abstract lub ) A of any abstraction A is always complete, meaning
that " (X * Y ) = " (X) ) A " (Y ) always holds—since abstraction
functions in Galois connections always preserve joins [3]. On the
other hand, using the abstract domain of Octagons [20], the guard
x > 0 and its negation x $ 0 are instead complete for the input
set S.

A further issue arises with assignments. For relational abstrac-
tions as Octagons, it turns out that assignments like z := x+ y and
x := 2 + y are incomplete even if x + y and 2 + y are complete
considered as numerical expressions. Indeed, we will show that the
only assignments which are complete for Octagons have the follow-
ing shape: x := a + y + k and x := a +x + k for a & {" 1, 0, 1}
and k & Z.

Given an abstraction, it is therefore natural to ask: (i) which con-
ditions on assignments/Boolean expressions and their input con-
crete states ensure completeness of the analysis; and (ii) how to

Incomplete

 Assignment to a constant is complete in Intervals: 
 Both tests x>0 and x!0  are exactly represented in Intervals and 

therefore are complete: 
 The decrements x-1 and x-2 are complete in Intervals 
 Abstract join is always complete  

x 2 [9, 9]

x 2 [1,+1], x 2 [�1, 0]

What's wrong?



The problem

if (x = null )
x := new object();

else skip ;
/ / query: x != null ?

Figure 1. The program NN: an example where the nullness ab-
straction is complete.

x := 9;

while (x > 0 )
x := x " 1;

/ / query: x = 0?

Figure 2. The program Dec: an example where intervals are com-
plete, but the proof is not trivial.

x := 9;

while (x > 0 )
x := x " 2;

/ / query: x = " 1?

Figure 3. The program Dec2: an example where intervals are in-
complete, and a naif proof system may deduce the opposite.

?, and for any abstraction A every abstract value different from the
bottom value # A will be correct yet incomplete. Also, one could
reason as follows: the assignment x := 9 with a constant is precise
with intervals; both Boolean guards x > 0 and x $ 0 can be
exactly represented with intervals, resp. by [1,+% ) and ("% , 0];
the decrement operation x := x " 1 on intervals is precise, e.g.,
[3, 9] " [1, 1] = [2, 8]. Therefore, one may conclude that this
is why the analysis of Dec with intervals is complete. However,
this way of reasoning is wrong. Consider the program Dec2 in
Figure 3. In its concrete semantics, at the loop exit point we have
that x & [" 1, " 1], whereas in its analysis with Int , the most precise
invariant we can obtain, even without widenings, is x & [" 1, 0].
Therefore, Dec2 !&C(Int). By contrast, here, the same (intuitive)
argument as for the Dec program still holds: assignment x := 9 is
precise with Int; both x > 0 and x $ 0 can be exactly represented
with Int; the decrement x := x " 2 on intervals is precise, e.g.,
[3, 9] " [2, 2] = [1, 7].

Where is the problem with the above reasoning? It turns out that,
even if the guard x $ 0 can be exactly represented with intervals,
its transfer function [[x $ 0]] : ! (Z) ' ! (Z) is not complete
with respect to Int . To give an example, let us consider the set of
concrete values S = {" 1, 1, 3, 5, 7, 9}, which is the set of values
of x computed by the while-loop of Dec2. Hence, if the input to
[[x $ 0]] is S then we obtain in Int:

Int([[x $ 0]]S) = Int({x | x $ 0} ( S)

= Int({" 1}) = [" 1, " 1].

On the other hand, if the input to [[x $ 0]] is instead the abstraction
Int(S) then we have:

Int([[x $ 0]]Int(S)) = Int([[x $ 0]][" 1, 9])

= Int([" 1, 0]) = [" 1, 0],

that is, the transfer function [[x $ 0]] is not complete on Int . There-
fore, we cannot use mere syntactic arguments to prove whether
P & C(A) because they may lead to wrong conclusions.

Our Solution. As a first step, one may think to design a deductive
system for proving that a program P is complete for an abstraction

x := 9; y := 0;

while (x > 0 )
{x := x " 1; y := y + 1}

/ / query: y = 9?

Figure 4. The program DecInc: an example where Intervals are
incomplete whereas Octagons are complete.

A which requires that all the assignments and Boolean guards of
P are complete for A. Such a deductive system will be sound, but
definitely too strong. For instance, we cannot use it to prove that the
analysis of very simple programs as Dec in Figure 2 is complete—
this deductive system can deduce completeness of NN in Figure 1,
though.

Instead, we propose a layered proof system for completeness.
Roughly, the layered proof system pushes the completeness proof
of the analysis from the program statements up to the assignments
and Boolean guards, and then it may use a further analysis to prove
their completeness. For instance, in the example of Figure 2, the
analysis of the program Dec is complete if both the initialization
and the while loop are complete. The analysis of the initialization
x := 9 is trivially complete for intervals. The analysis of the while
loop is complete if the analysis of the Boolean guard, of its nega-
tion, and of the body are. With a little bit of effort, we can prove that
the analysis of the body x := x " 1 is complete for intervals. The
problem comes with the Boolean guards x > 0 and x $ 0. We ob-
served before that, in general, intervals are not complete for those
guards. We will show that incompleteness happens when there is
a “hole” in the concrete set of values and the Boolean guard dis-
cerns among those: in fact, in our counterexample above, S has a
hole between " 1 and 1 and the guard mentions 0. In the program
Dec, there is no such a hole, because the variable x assumes, in the
concrete, all the values between 0 and 9. Thus, the analysis of the
Boolean tests of Dec with intervals is complete. We can use a static
analysis to prove this, and to conclude that the interval analysis of
Dec is complete.

We should be careful in defining what “holes” are. Consider the
program DecInc in Figure 4. Here, both x and y uniformly assume
all the values between 0 and 9 and at the end of the loop we have
that x = 0 and y = 9. However, the analysis of DecInc with
intervals will determine at best that y & [0,+% ). Once again,
the source of incompleteness is the Boolean guard. In fact, the
transfer function of x $ 0, which is the negation of the guard
x > 0, is not complete for intervals with the set of input pairs
(x, y) of concrete values S = {(9, 0), (8, 1), . . . , (1, 8), (0, 9)}. It
is worth remarking that this incompleteness does not originate from
a perceived imprecision in the abstract join of intervals: in fact, the
abstract lub ) A of any abstraction A is always complete, meaning
that " (X * Y ) = " (X) ) A " (Y ) always holds—since abstraction
functions in Galois connections always preserve joins [3]. On the
other hand, using the abstract domain of Octagons [20], the guard
x > 0 and its negation x $ 0 are instead complete for the input
set S.

A further issue arises with assignments. For relational abstrac-
tions as Octagons, it turns out that assignments like z := x+ y and
x := 2 + y are incomplete even if x + y and 2 + y are complete
considered as numerical expressions. Indeed, we will show that the
only assignments which are complete for Octagons have the follow-
ing shape: x := a + y + k and x := a +x + k for a & {" 1, 0, 1}
and k & Z.

Given an abstraction, it is therefore natural to ask: (i) which con-
ditions on assignments/Boolean expressions and their input con-
crete states ensure completeness of the analysis; and (ii) how to
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The problem

if (x = null )
x := new object();

else skip ;
/ / query: x != null ?

Figure 1. The program NN: an example where the nullness ab-
straction is complete.

x := 9;

while (x > 0 )
x := x " 1;

/ / query: x = 0?

Figure 2. The program Dec: an example where intervals are com-
plete, but the proof is not trivial.

x := 9;

while (x > 0 )
x := x " 2;

/ / query: x = " 1?

Figure 3. The program Dec2: an example where intervals are in-
complete, and a naif proof system may deduce the opposite.

?, and for any abstraction A every abstract value different from the
bottom value # A will be correct yet incomplete. Also, one could
reason as follows: the assignment x := 9 with a constant is precise
with intervals; both Boolean guards x > 0 and x $ 0 can be
exactly represented with intervals, resp. by [1,+% ) and ("% , 0];
the decrement operation x := x " 1 on intervals is precise, e.g.,
[3, 9] " [1, 1] = [2, 8]. Therefore, one may conclude that this
is why the analysis of Dec with intervals is complete. However,
this way of reasoning is wrong. Consider the program Dec2 in
Figure 3. In its concrete semantics, at the loop exit point we have
that x & [" 1, " 1], whereas in its analysis with Int , the most precise
invariant we can obtain, even without widenings, is x & [" 1, 0].
Therefore, Dec2 !&C(Int). By contrast, here, the same (intuitive)
argument as for the Dec program still holds: assignment x := 9 is
precise with Int; both x > 0 and x $ 0 can be exactly represented
with Int; the decrement x := x " 2 on intervals is precise, e.g.,
[3, 9] " [2, 2] = [1, 7].

Where is the problem with the above reasoning? It turns out that,
even if the guard x $ 0 can be exactly represented with intervals,
its transfer function [[x $ 0]] : ! (Z) ' ! (Z) is not complete
with respect to Int . To give an example, let us consider the set of
concrete values S = {" 1, 1, 3, 5, 7, 9}, which is the set of values
of x computed by the while-loop of Dec2. Hence, if the input to
[[x $ 0]] is S then we obtain in Int:

Int([[x $ 0]]S) = Int({x | x $ 0} ( S)

= Int({" 1}) = [" 1, " 1].

On the other hand, if the input to [[x $ 0]] is instead the abstraction
Int(S) then we have:

Int([[x $ 0]]Int(S)) = Int([[x $ 0]][" 1, 9])

= Int([" 1, 0]) = [" 1, 0],

that is, the transfer function [[x $ 0]] is not complete on Int . There-
fore, we cannot use mere syntactic arguments to prove whether
P & C(A) because they may lead to wrong conclusions.

Our Solution. As a first step, one may think to design a deductive
system for proving that a program P is complete for an abstraction

x := 9; y := 0;

while (x > 0 )
{x := x " 1; y := y + 1}

/ / query: y = 9?

Figure 4. The program DecInc: an example where Intervals are
incomplete whereas Octagons are complete.

A which requires that all the assignments and Boolean guards of
P are complete for A. Such a deductive system will be sound, but
definitely too strong. For instance, we cannot use it to prove that the
analysis of very simple programs as Dec in Figure 2 is complete—
this deductive system can deduce completeness of NN in Figure 1,
though.

Instead, we propose a layered proof system for completeness.
Roughly, the layered proof system pushes the completeness proof
of the analysis from the program statements up to the assignments
and Boolean guards, and then it may use a further analysis to prove
their completeness. For instance, in the example of Figure 2, the
analysis of the program Dec is complete if both the initialization
and the while loop are complete. The analysis of the initialization
x := 9 is trivially complete for intervals. The analysis of the while
loop is complete if the analysis of the Boolean guard, of its nega-
tion, and of the body are. With a little bit of effort, we can prove that
the analysis of the body x := x " 1 is complete for intervals. The
problem comes with the Boolean guards x > 0 and x $ 0. We ob-
served before that, in general, intervals are not complete for those
guards. We will show that incompleteness happens when there is
a “hole” in the concrete set of values and the Boolean guard dis-
cerns among those: in fact, in our counterexample above, S has a
hole between " 1 and 1 and the guard mentions 0. In the program
Dec, there is no such a hole, because the variable x assumes, in the
concrete, all the values between 0 and 9. Thus, the analysis of the
Boolean tests of Dec with intervals is complete. We can use a static
analysis to prove this, and to conclude that the interval analysis of
Dec is complete.

We should be careful in defining what “holes” are. Consider the
program DecInc in Figure 4. Here, both x and y uniformly assume
all the values between 0 and 9 and at the end of the loop we have
that x = 0 and y = 9. However, the analysis of DecInc with
intervals will determine at best that y & [0,+% ). Once again,
the source of incompleteness is the Boolean guard. In fact, the
transfer function of x $ 0, which is the negation of the guard
x > 0, is not complete for intervals with the set of input pairs
(x, y) of concrete values S = {(9, 0), (8, 1), . . . , (1, 8), (0, 9)}. It
is worth remarking that this incompleteness does not originate from
a perceived imprecision in the abstract join of intervals: in fact, the
abstract lub ) A of any abstraction A is always complete, meaning
that " (X * Y ) = " (X) ) A " (Y ) always holds—since abstraction
functions in Galois connections always preserve joins [3]. On the
other hand, using the abstract domain of Octagons [20], the guard
x > 0 and its negation x $ 0 are instead complete for the input
set S.

A further issue arises with assignments. For relational abstrac-
tions as Octagons, it turns out that assignments like z := x+ y and
x := 2 + y are incomplete even if x + y and 2 + y are complete
considered as numerical expressions. Indeed, we will show that the
only assignments which are complete for Octagons have the follow-
ing shape: x := a + y + k and x := a +x + k for a & {" 1, 0, 1}
and k & Z.

Given an abstraction, it is therefore natural to ask: (i) which con-
ditions on assignments/Boolean expressions and their input con-
crete states ensure completeness of the analysis; and (ii) how to

Both tests x>0 and x!0  are incomplete, !
even if they are exactly represented in Intervals
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Figure 5. The core proof system `
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[seq]: If A is complete for C1 and C2 then A is complete for
C1;C2:

! (JC1;C2KS) = ! (JC2K(JC1KS))

= JC2K↵! (JC1KS))

= JC2K↵JC1K↵! (S)

= JC1;C2K↵! (S).

[if]: If A is complete for b, ¬b and C then A is complete for
if b then C:

! (Jif b then CKS) = ! (JCKJbKS [ J¬bKS)

= ! (JCKJbKS) t ! (J¬bKS)

= JCK↵! (JbKS) t J¬bK↵! (S)

= JCK↵JbK↵! (S) t J¬bK↵! (S)

= Jif b then CK↵! (S).

[while]: If A is complete for b, ¬b and C then A is complete for
while b do C. We first show that

! � (" T.S [ JCKJbKT ) = ( " X].! (S) t JCK↵JbK↵X]) � !

For any T 2 #(S), we have that:

! (S [ JCKJbKT ) = ! (S) t ! (JCKJbKT )

= ! (S) t JCK↵! (JbKT )

= ! (S) t JCK↵JbK↵! (T ),

so that

! � (" T.S [ JCKJbK) = ( " X].! (S) t JCK↵JbK↵X]) � ! .

Hence, by fixpoint transfer (cf. Section 2):

! (lfp(" T.S [ JCKJbKT )) = lfp(" X].! (S) t JCK↵JbK↵X]).

We therefore obtain:

! (Jwhile b do CKS) = ! (J¬bK(lfp(" T.S [ JCKJbKT )))

= J¬bK↵! (lfp(" T.S [ JCKJbKT ))

= J¬bK↵lfp(" X].! (S) t JCK↵JbK↵X])

= Jwhile b do CK↵! (S).

Let us point out that for a Boolean guard b occuring in a program
P , the rules of `

A

require both b and ¬b to be complete on A for
any possible set of input stores. It is therefore important to remark
that Boolean guards are a major source of incompleteness, even in
seemingly innocuous cases, as shown by the following example:

Example 5.2. Let us consider the loop guard in the program Dec
in Figure 2. Assume that the body of the while loop x := x � 1
is complete for the interval abstraction Int—this will be formally
proved later on. The proof of completeness for Dec in `Int would
need the hypotheses x > 0 2

? B(Int) and x  0 2

? B(Int) stating
the completeness of the guards of Dec. However, is is not true, in

general, that intervals are complete for a guard like x > 0, even if
x > 0 is exactly representable in Int. In fact, we have that:

! Int(Jx > 0K{0, 2, 3}) = ! Int({2, 3}) = [2 , 3]

@ Jx > 0K↵Int ! Int({0, 2, 3})

= Jx > 0K↵Int [0, 3] = [1 , 3].

Therefore, x > 0 62 B(Int). A similar counterexample may show
that x  0 62 B(Int).
Let us also observe that even a simple equality test Jx = yK be-
tween different variables cannot be complete in a relational abstrac-
tion such as octagons Oct which is able to represent precisely a
variable relation like x = y. It is enough to note that:

! Oct(Jx = yK{(x/0, y/2), (x/2, y/0)}) = ! Oct(?) = ?Oct

@ Jx = yK↵Oct ! Oct({(x/0, y/2), (x/2, y/0)})

= Jx = yK↵Oct
h0  x  2, 0  y  2, x + y = 2 i

= hx = 1 , y = 1 i.

A similar example may show that the test Jx = yK is not complete
for intervals as well, although this could be somewhat expected
since intervals are not relational.

5.2 Proving Completeness of Assignments

Assignment commands are not handled by the core proof system
`

A

. The deductive system `

A

is compositional on program’s syn-
tax and the problem for assignments stems from the fact a com-
positional rule for deriving the completeness of x := a from the
completeness of the expression a (and/or x � a) cannot be sound
for a generic abstract domain A. This is shown by the following
example dealing with the relational octagon abstraction.

Example 5.3. Let Var = {x, y, z} and let us represent a generic
store (x/v

x

, y/v
y

, z/v
z

) simply by (v
x

, v
y

, v
z

) 2 Z3. We con-
sider the arithmetic expression x + y 2 AExp and the abstraction
Oct. It turns out that x+ y 2 A(Oct). In fact, for any nonempty set
of stores S 2 #(S), consider the constraint m  x + y  n which
is expressed by Oct(S): this means that there exist $1, $2 2 S such
that m = $1(x) + $1(y), n = $2(x) + $2(y), and for any $ 2 S,
m  $(x) + $(y)  n. Thus, Oct(Jx + yKS) = [ m,n]. On the
other hand, since, for any $ 2 Oct(S), m  $(x) + $(y)  n, we
also have that Oct(Jx + yKOct(S)) = [ m,n].

Let us consider now S = {(2, 1, 0), (1, 4, 2)} 2 #(S) and the
assignment z := x + y 2 Imp, whose concrete semantics on S
gives Jz := x + yKS = {(2, 1, 3), (1, 4, 5)}. The abstraction of
Jz := x + yKS in Oct is therefore as follows:

Oct(Jz := x + yKS) = h1  x  2, 1  y  4, 3  z  5,

3  x + y  5,�3  x� y  1, 5  x + z  6,

�4  x� z  �1, 4  y + z  9,�2  y � z  �1i.
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What about assignments?

a 2 A(↵)

`! x := a

is not sound



But, assignment z := x+y is not complete in Oct

Expression x+y is complete in Oct
On the abstract side, the abstraction ofS in Oct is as follows:

Oct(S) = !1 " x " 2, 1 " y " 4, 0 " z " 2,

3 " x + y " 5, # 3 " x # y " 1, 2 " x + z " 3,

# 1 " x # z " 2, 1 " y + z " 6, 1 " y # z " 2$.

Here(2, 3, 1) % Oct(S) and(2, 3, 5) % !z := x + y"Oct(S) &
Oct(! z := x + y"Oct(S)) . But (2, 3, 5) '%Oct(! z := x + y"S)
because the relation5 " x + z " 6 is not satisÞed. Hence,
Oct(! z := x + y"S) ! Oct(! z := x + y"Oct(S)) , namelyz :=
x + y '%C(Oct).

Nonrelational Abstractions. An abstractionA! %Abs(! (S)) is
nonrelational when it does not take into account any relationship
between different variables. Let us formalize this notion. For any
x %Var , let øx ! Var " { x} and let" x : ! (S) ( A be deÞned as
" x (S) ! " () øx (S)) . Then,A is deÞned to be nonrelational when:

* S %! (S). " (S) =
!

x ! Var

" x (S).

Null, SignandInt are examples of nonrelational abstractions, while
Oct is not nonrelational. For a nonrelational abstractionA, we
introduce the following compositional rule for assignments:

a %A(A)

+A x := a
[assignNR]

We denote by+NR
A the core proof system+A enhanced with the rule

[assignNR] and we show its soundness for deriving completeness.

Theorem 5.4. For any nonrelational abstractionA %Abs(! (S)) ,
+NR

A is sound,i.e., if +A P thenP %C(A).

Proof. The soundness of the rules in+A follows by Theorem 5.1.
The soundness of[assignNR] follows from these equalities:

" (! x := a"S) =

= " x (! x := a"S) ,
!

y "= x

" y (! x := a"S)

= " () øx (! x := a"S)) ,
!

y "= x

" () øy (! x := a"S))

"
by def. of variable projection and" Z#

= " Z(! a"S) ,
!

y "= x

" () øy (S))

"
by a %A(A) and completeness of) øy

#

= " Z(! a"#(" (S))) ,
!

y "= x

" () øy (#(" (S))))

"
by def. of variable projection and" Z#

= " () øx (! x := a"#(" (S)))) ,
!

y "= x

" () øy (! x := a"#(" (S))))

= " x (! x := a"#(" (S))) ,
!

y "= x

" y (! x := a"#(" (S)))

= " (! x := a"#(" (S))) .

Thus, for nonrelational abstract domainsA, +NR
A is a fully com-

positional proof system for checking completeness of programs.
Let us give a simple example of derivation in+NR

A .

Example 5.5. Let us consider the nonrelational abstract domain
Null for nullness analysis described in Section 1 and the simple
program

P - x := 0; if (x = 0) then x := 1

where, with a slight abuse of notation, we assume that0 stands
for a null reference while1 for a non-null reference. The proof
tree in Figure 6 can be derived in+NR

Null, and this entails that the
abstract semantics ofP on the abstractionNull is complete. Let us
stress that the key point in proving the completeness ofP is that
the abstractionNull is complete for the Boolean guardx = 0 and
its negationÂ(x = 0) .

Nevertheless, for the programDec in Figure 2, we are still not
able to derive that+Int Dec: the rule[assignNR] allows us to derive
that the assignmentx := x # 1 is complete forInt, but this is not
enough since the Boolean guardx > 0 is not complete (cf. Exam-
ple 5.2). The fact thatC(A) is a productive set even for (nontrivial)
nonrelational abstractions implies that an effective complete proof
system for deriving completeness of programs cannot be deÞned.
The proof system+NR

A is indeed sound but not complete, and the
programDecshows this incompleteness.

Relational Abstractions. As shown in Example 5.3, the com-
pleteness of an expressiona does not imply that an assignment
x := a is complete for a relational abstract domain. It can be
shown that more restrictive hypotheses such as the assumption that
x '% vars(a) and the completeness of the Boolean expression
x = a on A, would imply thatx := a is complete onA (the
proof is omitted). However, this would yield a sound but far too
restrictive derivation rule. Indeed, although the syntactic condition
x '% vars(a) can always be met for any programP simply by
replacing an assignmentx := a wherex %vars(a) with the com-
positionx# := a; x := x#, wherex# is a fresh variable, this rule
would require the hypothesis(x = y) % B(A), and we observed
in Example 5.2 that the equality test is not complete even for most
known abstract domains.

Thus, for the generic case of a nonrelational abstractionA, it
can be argued that a reasonable rule for deriving the completeness
of assignmentsx := a from the completeness of some other arith-
metic expression and/or Boolean guard and/or command induced
by x := a simply cannot be found. Hence, a nonrelational abstrac-
tion therefore needs a speciÞc analysis of the completeness of its
assignments. We present a signiÞcant sample of this analysis for
the case of the octagon abstraction.

Octagon Abstraction. In Example 5.3 we have shown that the
assignmentz := x + y is not complete forOct. A similar example
can be found forx := x + y. These observations show that
any generic linear assignmentx := a1 . x1 + . . . + an . xn

is not complete forOct when n / 2. The intuitive reason is
that for a relationa " x + y " b, the substitution ofx with
a1 . x1 + . . . + an . xn provides a relation for more than two
variables which cannot be represented byOct. A fortiori, this is
also true for nonlinear assignments likex := y . y.

Thus, we are left to scrutinize linear assignments of the follow-
ing shape:x := a . y + k andx := a . x + k. If a '%{ # 1, 0, 1} ,
e.g., x := 2 . y, the following example shows that, as expected, we
do not have completeness.

Example 5.6. We follow the notation of Example 5.3 where
Var = { x, y, z } . Let us consider the assignmentx := 2 . y %Imp
and the set of input storesS = { (0, 2, 0), (3, 0, 4)} %! (S). On the
concrete side, we have that! x := 2 . y"S = { (4, 2, 0), (0, 0, 4)} .
The abstraction of! x := 2 . y"S in Oct is therefore as follows:

Oct(! x := 2 . y"S) =

!0 " x " 4, 0 " y " 2, 0 " z " 4,

0 " x + y " 6, 0 " x # y " 2, x + z = 4 ,

# 4 " x # z " 4, 2 " y + z " 4, # 4 " y # z " 2$.

S = { (x/ 2, y/ 1, z/ 0), (x/ 1, y/ 4, z/ 2)}

(x/ 2, y/ 3, z/ 5)

!!"

(x/ 2, y/ 3, z/ 5)

Example in Octagons

The problem is that Oct is relational
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a 2 A(↵)

`! x := a

is sound



!

!

N NN

Example in Nullness

Null def= {! ,N,NN, " }

null 2 A(Null)

`Null x := null

(x = null) 2 B(Null) ¬(x = null) 2 B(Null)
new Int 2 A(Null)

`Null x := new Int

`Null if (x = null) then x := new Int

`Null x := null ; if(x = null) then x := new Int

Figure 6. The derivation tree proving the completeness of the programP on the abstractionNull.

On the abstract side, the abstraction ofS in Oct is as follows:

Oct(S) = h0  x  3, 0  y  2, 0  z  4,

2  x + y  3,�2  x � y  3, 0  x + z  7,

� 1  x � z  0, 2  y + z  4,�4  y � z  2i.

We consider the store(1, 2, 2) 2 Oct(S) so that (4, 2, 2) 2

Jx := 2 ⇤ yKOct(S) ✓ Oct(Jx := 2 ⇤ yKOct(S)). However, we
have that(4, 2, 2) 62 Oct(Jx := 2 ⇤ yKS) because the relation
x + z = 4 is not satisÞed. This shows thatOct(Jx := 2 ⇤ yKS) !
Oct(Jx := 2 ⇤ yKOct(S)), i.e., x := 2 ⇤ y 62 C(Oct).

It turns out that the remaining assignments are the only which
are complete for octagons.

Lemma 5.7. The only complete assignments for Oct are: x :=

a ⇤ y + k and x := a ⇤ x + k, where a 2 {�1, 0, 1} and k 2 Z.

Proof. Considerx := a ⇤ y + k with a 2 {�1, 0, 1}. By the
characterization of completeness given in [13] and recalled in Sec-
tion 2, we have thatJx := a ⇤ y + kK 2 C(Oct) iff for any octagon
oct 2 Oct:

max({T 2 }(S) | Jx := a ⇤ y + kKT ✓ oct}) 2 Oct.

We observe that this maximal set of store can be obtained fromoct
by replacing in any relation involving the variablex the expression
ay + k. If a = 0 then it is clear that this replacement still provides
relations of the shape±x ± y  k. It turns out that this also
happens fora 2 {�1, 1}. Let us consider the casea = 1, namely
x := y + k. The following cases are possible. The replacement
for a  x  b provides the relationa � k  y  b � k; for
a  x � y  b the relationa  k  b, which can be true or false
(and in this case we obtain the empty octagon); fora  x + y  b
the relationa � k  2y  b � k, which is equivalent (integer
variables) tod(a� k)/ 2e  y  b(b� k)/ 2c; for a  x ± z  b,
wherez 6= y, we obtaina � k  y ± z  b � k. Thus, in
each case we obtain a variable relation of the shape±x ± y  k,
i.e., max({T 2 }(S) | Jx := y + kKT ✓ oct}) is an octagon. A
similar analysis applies to the remaining casesx := �y + k and
x := ±x + k.

Lemma 5.7 therefore provides an exhaustive (static) analysis of
the completeness of assignments for the octagon abstraction. It is
worthwhile to observe that [20, Figure 15] describes algorithms that
compute the best correct approximations (called exact approxima-
tions in [20]) on octagons for precisely the set of complete assign-
ments characterized by Lemma 5.7. This may suggest an interesting
relationship between the property of being complete for an assign-
ment and that of admitting a computable best correct approxima-
tion.

6. Proving Completeness of Guards
We argued that the main problem in proving`

A

P lies in the fact
that in general it is hard to prove thatb 2 B(A) and¬b 2 B(A)

for an arbitrary store abstractionA. Actually, most of the times,
only trivial guardsÑtrue, false, nondeterministic choices and, e.g.,
x = Null in the nullness domainÑturn out to be complete. For

instance, one may expect that a Boolean condition which is exactly
representable in some abstraction, asx > 0 in Int, turns out to
be complete. However, in general, this is not the case, as shown
by Example 5.2. Our goal is to take into account explicitly the
Boolean guards of programs by adding suitable assumptions to
completeness proofs iǹ

A

. Thus, we derive a conditional proof
of completeness inA for a programP, whose assumptions on the
completeness of the Boolean guards ofP then need to be validated
in a further distinct step.

Let us consider a store abstractionA
↵,�

2 Abs(}(S)) and
a Boolean predicateb 2 BExp. We use the following notation:
JbKt , {⇢ 2 S | LbM⇢ = t}. If ↵(JbKS) = JbK↵↵(S) holds for
a givenS 2 }(S) then b is called complete forA in S. Since
this condition is equivalent to↵(JbKS) = ↵(JbK�(↵(S))) and
JbKS = JbKt

\ S, we have thatb is complete forA in S when
↵(JbKt

\ S) = ↵(JbKt
\ �(↵(S))).

Now, let us consider someb 2 BExp which is representable
in the abstract domainA, that is,JbKt

= �(↵(JbKt
)) holds Ñ we

call themA-Boolean expressions. For example,x  k1 ^ y > k 2

is a Int- andOct-Boolean expression, whilek  x ^ x  y is a
Oct-Boolean expression but not aInt-Boolean expression. In this
case, it turns out that

↵(JbKt
\ �(↵(S)))= ↵(�(↵(JbKt

)) \ �(↵(S)))

= ↵(�(↵(JbKt
) ^

A

↵(S)))=↵(JbKt
) ^

A

↵(S)

so that completeness ofb for A in S corresponds to require:

↵(JbKt
\ S) = ↵(JbKt

) ^

A

↵(S).

We instrument our proof system̀
A

with suitable assumptions
that guarantee that the sets of possible input states for a Boolean
guard make it complete. This allows us to derive a conditional
proof of completeness for a programP under these assumptions
on the completeness of the Boolean guards ofP . These proof
assumptions can then be proved in a later step,e.g. by a static
analysis focused on Boolean guards. LetBExp(P ) denote the set
of Boolean guards occurring in some program point ofP and
assume that the set!

P

of Boolean guards ofP which are not
complete onA, i.e., !

P

, {b 2 BExp(P ) | b 62 B(A)}, consists
of A-Boolean expressions only. If6`

A

P then the completeness
proof for P may fail along some guardb 2 !

P

. If we are able
to guarantee that this guardb is complete for any setS of possible
input stores at the program point where the guardboccurs inP then
we can safely conclude thatb is complete onA for the purpose of
proving thatP is complete onA. We therefore add the following
conditional meta-rule [gc] for the completeness of guardsb2 !

P

:

assume[S : ↵(JbKt
\ S) = ↵(JbKt

) ^

A

↵(S)]

b2 B(A)

[gc]

Hence, a conditional completeness proof ofP in `

A

[ {[gc]}
depends on the collectionG

P

of all the assumptions made for the
guardsb 2 !

P

. The next step consists in designing some domain-
speciÞcÑpossibly statically checkableÑconditions that allow to
validate all the assumptions inG

P

made in a conditional proof of
P , so as to establish an unconditional proof forP onA.

Proved!

Simple nullness analysis
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Nothing can be done in general!
!

Need for domain-speciÞc analyses !
of completeness of assignments



Assignments for Octagons 

Theorem:  The only complete assignments!
for Oct are:!

x := ±y + k 
x := ± x + k	

x := k



9 ! A(Int)

" Int x := 9

?

(x > 0) ! B(Int)

?

Â(x > 0) ! B(Int)

x # 1 ! A(Int)

" Int x := x # 1

" Int while (x > 0) do x := x # 1

" Int x := 9; while(x > 0) do x := x # 1

Figure 6. The derivation tree proving the completeness of the programP on the abstractionNull.

9 ! A(Int)

" Int x := 9

assume[S : Int{ x ! S | x > 0} = [1 , + $ ] %Int Int(S)]

(x > 0) ! B(Int)

assume[S : Int{ x ! S | x > 0} = [1 , + $ ] %Int Int(S)]

Â(x & 0) ! B(Int)

x # 1 ! A(Int)

" Int x := x # 1

" Int while (x > 0) do x := x # 1

" Int x := 9; while(x > 0) do x := x # 1

Figure 7. The derivation tree proving the completeness of the programP on the abstractionNull.

On the abstract side, the abstraction ofS in Oct is as follows:

Oct(S) = ' 0 & x & 3, 0 & y & 2, 0 & z & 4,

2 & x + y & 3, # 2 & x # y & 3, 0 & x + z & 7,

# 1 & x # z & 0, 2 & y + z & 4, # 4 & y # z & 2(.

We consider the store(1, 2, 2) ! Oct(S) so that (4, 2, 2) !
! x := 2 ) y"Oct(S) * Oct(! x := 2 ) y"Oct(S)) . However, we
have that(4, 2, 2) +! Oct(! x := 2 ) y"S) because the relation
x + z = 4 is not satisÞed. This shows thatOct(! x := 2 ) y"S) (
Oct(! x := 2 ) y"Oct(S)) , i.e., x := 2 ) y +!C(Oct).

It turns out that the remaining assignments are the only which
are complete for octagons.

Lemma 5.7. The only complete assignments forOct are: x :=
a ) y + k andx := a ) x + k, wherea ! { # 1, 0, 1} andk ! Z.

Proof. Considerx := a ) y + k with a ! { # 1, 0, 1} . By the
characterization of completeness given in [13] and recalled in Sec-
tion 2, we have that! x := a ) y + k" ! C(Oct) iff for any octagon
oct ! Oct:

max({ T ! ! (S) | ! x := a ) y + k"T * oct} ) ! Oct.

We observe that this maximal set of store can be obtained fromoct
by replacing in any relation involving the variablex the expression
ay + k. If a = 0 then it is clear that this replacement still provides
relations of the shape± x ± y & k. It turns out that this also
happens fora ! { # 1, 1} . Let us consider the casea = 1 , namely
x := y + k. The following cases are possible. The replacement
for a & x & b provides the relationa # k & y & b # k; for
a & x # y & b the relationa & k & b, which can be true or false
(and in this case we obtain the empty octagon); fora & x + y & b
the relationa # k & 2y & b # k, which is equivalent (integer
variables) to, (a # k)/ 2- & y & . (b# k)/ 2/ ; for a & x ± z & b,
wherez += y, we obtaina # k & y ± z & b # k. Thus, in
each case we obtain a variable relation of the shape± x ± y & k,
i.e., max({ T ! ! (S) | ! x := y + k"T * oct} ) is an octagon. A
similar analysis applies to the remaining casesx := # y + k and
x := ± x + k.

Lemma 5.7 therefore provides an exhaustive (static) analysis of
the completeness of assignments for the octagon abstraction. It is
worthwhile to observe that [20, Figure 15] describes algorithms that
compute the best correct approximations (called exact approxima-
tions in [20]) on octagons for precisely the set of complete assign-
ments characterized by Lemma 5.7. This may suggest an interesting

relationship between the property of being complete for an assign-
ment and that of admitting a computable best correct approxima-
tion.

6. Proving Completeness of Guards
We argued that the main problem in proving" A P lies in the fact
that in general it is hard to prove thatb ! B(A) andÂb ! B(A)
for an arbitrary store abstractionA. Actually, most of the times,
only trivial guardsÑtrue, false, nondeterministic choices and, e.g.,
x = Null in the nullness domainÑturn out to be complete. For
instance, one may expect that a Boolean condition which is exactly
representable in some abstraction, asx > 0 in Int, turns out to
be complete. However, in general, this is not the case, as shown
by Example 5.2. Our goal is to take into account explicitly the
Boolean guards of programs by adding suitable assumptions to
completeness proofs in" A . Thus, we derive a conditional proof
of completeness inA for a programP, whose assumptions on the
completeness of the Boolean guards ofP then need to be validated
in a further distinct step.

Let us consider a store abstractionA! ," ! Abs(! (S)) and
a Boolean predicateb ! BExp . We use the following notation:
! b"t ! { " ! S | #b$" = t} . If #(! b"S) = !b"! #(S) holds for
a givenS ! ! (S) then b is called complete forA in S. Since
this condition is equivalent to#(! b"S) = #(!b"$(#(S))) and
!b"S = !b"t 0 S, we have thatb is complete forA in S when
#(!b"t 0 S) = #(!b"t 0 $(#(S))) .

Now, let us consider someb ! BExp which is representable
in the abstract domainA, that is,! b"t = $(#(! b"t)) holds Ñ we
call themA-Boolean expressions. For example,x & k1 1 y > k 2

is a Int- andOct-Boolean expression, whilek & x 1 x & y is a
Oct-Boolean expression but not aInt-Boolean expression. In this
case, it turns out that

#(! b"t 0 $(#(S)))= #($(#(! b"t)) 0 $(#(S)))

= #($(#(! b"t) 1 A #(S)))= #(!b"t) 1 A #(S)

so that completeness ofb for A in S corresponds to require:

#(! b"t 0 S) = #(!b"t) 1 A #(S).

We instrument our proof system" A with suitable assumptions
that guarantee that the sets of possible input states for a Boolean
guard make it complete. This allows us to derive a conditional
proof of completeness for a programP under these assumptions
on the completeness of the Boolean guards ofP . These proof
assumptions can then be proved in a later step,e.g. by a static

Back to Boolean guards!
Example in Intervals
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9 ! A(Int)

" Int x := 9

?

(x > 0) ! B(Int)

?

Â(x > 0) ! B(Int)

x # 1 ! A(Int)

" Int x := x # 1

" Int while (x > 0) do x := x # 1

" Int x := 9; while(x > 0) do x := x # 1

Figure 6. The derivation tree proving the completeness of the programP on the abstractionNull.

9 ! A(Int)

" Int x := 9

assume[S : Int{ x ! S | x > 0} = [1 , + $ ] %Int Int(S)]

(x > 0) ! B(Int)

assume[S : Int{ x ! S | x > 0} = [1 , + $ ] %Int Int(S)]

Â(x & 0) ! B(Int)

x # 1 ! A(Int)

" Int x := x # 1

" Int while (x > 0) do x := x # 1

" Int x := 9; while(x > 0) do x := x # 1

Figure 7. The derivation tree proving the completeness of the programP on the abstractionNull.

On the abstract side, the abstraction ofS in Oct is as follows:

Oct(S) = ' 0 & x & 3, 0 & y & 2, 0 & z & 4,

2 & x + y & 3, # 2 & x # y & 3, 0 & x + z & 7,

# 1 & x # z & 0, 2 & y + z & 4, # 4 & y # z & 2(.

We consider the store(1, 2, 2) ! Oct(S) so that (4, 2, 2) !
! x := 2 ) y"Oct(S) * Oct(! x := 2 ) y"Oct(S)) . However, we
have that(4, 2, 2) +! Oct(! x := 2 ) y"S) because the relation
x + z = 4 is not satisÞed. This shows thatOct(! x := 2 ) y"S) (
Oct(! x := 2 ) y"Oct(S)) , i.e., x := 2 ) y +!C(Oct).

It turns out that the remaining assignments are the only which
are complete for octagons.

Lemma 5.7. The only complete assignments forOct are: x :=
a ) y + k andx := a ) x + k, wherea ! { # 1, 0, 1} andk ! Z.

Proof. Considerx := a ) y + k with a ! { # 1, 0, 1} . By the
characterization of completeness given in [13] and recalled in Sec-
tion 2, we have that! x := a ) y + k" ! C(Oct) iff for any octagon
oct ! Oct:

max({ T ! ! (S) | ! x := a ) y + k"T * oct} ) ! Oct.

We observe that this maximal set of store can be obtained fromoct
by replacing in any relation involving the variablex the expression
ay + k. If a = 0 then it is clear that this replacement still provides
relations of the shape± x ± y & k. It turns out that this also
happens fora ! { # 1, 1} . Let us consider the casea = 1 , namely
x := y + k. The following cases are possible. The replacement
for a & x & b provides the relationa # k & y & b # k; for
a & x # y & b the relationa & k & b, which can be true or false
(and in this case we obtain the empty octagon); fora & x + y & b
the relationa # k & 2y & b # k, which is equivalent (integer
variables) to, (a # k)/ 2- & y & . (b# k)/ 2/ ; for a & x ± z & b,
wherez += y, we obtaina # k & y ± z & b # k. Thus, in
each case we obtain a variable relation of the shape± x ± y & k,
i.e., max({ T ! ! (S) | ! x := y + k"T * oct} ) is an octagon. A
similar analysis applies to the remaining casesx := # y + k and
x := ± x + k.

Lemma 5.7 therefore provides an exhaustive (static) analysis of
the completeness of assignments for the octagon abstraction. It is
worthwhile to observe that [20, Figure 15] describes algorithms that
compute the best correct approximations (called exact approxima-
tions in [20]) on octagons for precisely the set of complete assign-
ments characterized by Lemma 5.7. This may suggest an interesting

relationship between the property of being complete for an assign-
ment and that of admitting a computable best correct approxima-
tion.

6. Proving Completeness of Guards
We argued that the main problem in proving" A P lies in the fact
that in general it is hard to prove thatb ! B(A) andÂb ! B(A)
for an arbitrary store abstractionA. Actually, most of the times,
only trivial guardsÑtrue, false, nondeterministic choices and, e.g.,
x = Null in the nullness domainÑturn out to be complete. For
instance, one may expect that a Boolean condition which is exactly
representable in some abstraction, asx > 0 in Int, turns out to
be complete. However, in general, this is not the case, as shown
by Example 5.2. Our goal is to take into account explicitly the
Boolean guards of programs by adding suitable assumptions to
completeness proofs in" A . Thus, we derive a conditional proof
of completeness inA for a programP, whose assumptions on the
completeness of the Boolean guards ofP then need to be validated
in a further distinct step.

Let us consider a store abstractionA! ," ! Abs(! (S)) and
a Boolean predicateb ! BExp . We use the following notation:
! b"t ! { " ! S | #b$" = t} . If #(! b"S) = !b"! #(S) holds for
a givenS ! ! (S) then b is called complete forA in S. Since
this condition is equivalent to#(! b"S) = #(!b"$(#(S))) and
!b"S = !b"t 0 S, we have thatb is complete forA in S when
#(!b"t 0 S) = #(!b"t 0 $(#(S))) .

Now, let us consider someb ! BExp which is representable
in the abstract domainA, that is,! b"t = $(#(! b"t)) holds Ñ we
call themA-Boolean expressions. For example,x & k1 1 y > k 2

is a Int- andOct-Boolean expression, whilek & x 1 x & y is a
Oct-Boolean expression but not aInt-Boolean expression. In this
case, it turns out that

#(! b"t 0 $(#(S)))= #($(#(! b"t)) 0 $(#(S)))

= #($(#(! b"t) 1 A #(S)))= #(!b"t) 1 A #(S)

so that completeness ofb for A in S corresponds to require:

#(! b"t 0 S) = #(!b"t) 1 A #(S).

We instrument our proof system" A with suitable assumptions
that guarantee that the sets of possible input states for a Boolean
guard make it complete. This allows us to derive a conditional
proof of completeness for a programP under these assumptions
on the completeness of the Boolean guards ofP . These proof
assumptions can then be proved in a later step,e.g. by a static
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Conditional rule for !
Boolean Guards

!b"t def= { ! ! Store| !b"! = true }

For any possible set S of input stores for a guard b:

analysis focused on Boolean guards. Let BExp(P ) denote the set
of Boolean guards occurring in some program point of P and
assume that the set �P of Boolean guards of P which are not
complete on A, i.e., �P , { b 2 BExp(P ) | b 62 B(A)} , consists
of A-Boolean expressions only. If 6`A P then the completeness
proof for P may fail along some guard b 2 �P . If we are able
to guarantee that this guard b is complete for any set S of possible
input stores at the program point where the guard b occurs in P then
we can safely conclude that b is complete on A for the purpose of
proving that P is complete on A. We therefore add the following
conditional meta-rule [gc] for the completeness of guards b 2 �P :

assume[S : ! (! b"t

\ S) = ! (! b"t

) ^A ! (S)]

b 2 B(A)

[gc]

Hence, a conditional completeness proof of P in `A [ { [gc]}
depends on the collection GP of all the assumptions made for the
guards b 2 �P . The next step consists in designing some domain-
specific—possibly statically checkable—conditions that allow to
validate all the assumptions in GP made in a conditional proof of
P , so as to establish an unconditional proof for P on A.

6.1 Completeness of Int- and Oct-Boolean Guards

Given a set of store, we want to provide a characterization of the
completeness of Boolean expressions which are representable as
intervals or octagons. Namely, we characterize the sets of stores
S that make a Int- and Oct-Boolean expression complete, hence
providing specific conditions for the assumptions of the conditional
rule [gc] for Int and Oct.

In order to keep the notation as simple as possible, in what
follows we consider the abstractions Int and Oct on stores over two
variables (x, y), i.e., S = Z2 and Int,Oct 2 Abs(h" (Z2

),✓i).
Moreover, for any set of concrete points S 2 " (Z2

), we use
Int(S),Oct(S) 2 " (Z2

) to denote the corresponding interval and
octagon abstractions. The generalization to N > 2 variables is
conceptually simple but notationally tedious. In two variables, a
(possibly infinite) interval is a (possibly infinite) rectangle R in the
(x, y) plane. A rectangle R can be represented by its set of edges,
denoted by edges(R), which are at most four (this is the case of
finite rectangles). Similarly, an octagon O in two variables can be
represented by its edges in edges(O), which are at most eight.
Any E 2 edges(R) determines a line in the (x, y) integer plane
which is denoted by lE . If l is a line in the (x, y) integer plane and
S 2 " (Z2

) is any set of points then #l
(S) denotes the orthogonal

projection of S onto l. Completeness of Int-Boolean guards is then
geometrically characterized as follows.

R is complete for Int in a set of stores S

8E 2 edges(R). #l E
(Int(S) \R) ✓ Int(#l E

(S \R))

Theorem 6.1. Let R be a Int-Boolean expression. Then, R is
complete for Int in a set of stores S 2 " (Z2

) if and only if the
following condition holds:

8E 2 edges(R). #l E
(Int(S) \R) ✓ Int(#l E

(S \R)). (⇤)

Proof. Since Int(S \R) ✓ Int(Int(S)\R) = Int(S)\R always
holds, let us first observe that R is not complete for Int in S when

Int(S \R) 6= Int(Int(S) \R) ,

Int(S \R) 6= Int(S) \R ,

Int(S \R) ( Int(S) \R.

Moreover, it turns out that the rectangle Int(S \ R) is strictly
contained into the rectangle Int(S) \ R iff there exists an edge

E0
2 edges(Int(S) \ R) such that #l E!

(Int(S \ R)) ( E0
=

#l E!
(Int(S) \ R). The following figure helps in explaining this,

where S is given by the set of bullets, Int(S\R) is the (red) dashed
inner rectangle, and Int(S) \R is the (blue) dotted rectangle.

R
¥

¥

¥

¥
¥

Since the rectangle Int(S)\R is contained in R, the last condition
Int(S \ R) ( Int(S) \ R holds iff there exists an edge E 2

edges(R) such that #l E
(Int(S\R)) ( #l E

(Int(S)\R). Also, the
orthogonal projection #l E onto the line lE satisfies the following
property: #l E

(Int(S \ R)) = Int(#l E
(S \ R)), so that Int(S \

R) ( Int(S)\R holds iff Int(#l E
(S\R)) ( #l E

(Int(S)\R). It
is now easy to check that this latter condition holds iff the negation
of (⇤) holds.

Observe that in the condition (⇤) we have that #l E
(Int(S)\R)

is always an interval because Int(S) \ R is always a rectangle.
Furthermore, if S is already a rectangle, namely Int(S) = S,
then condition (⇤) holds so that we have completeness. Let us also
observe that (⇤) is trivially satisfied when one of the following
conditions hold: Int(S) \ R = ? or S ✓ R or R ✓ S. Finally,
if S \ R = ? but Int(S) \ R 6= ?, then (⇤) boils down to
8E 2 edges(R). #l E

(Int(S) \ R) = ?, which is always false,
so that completeness does not hold.

Example 6.2. In the following pictures, the set of points S in the
(x, y) plane is given by the set of bullets. Let us first consider the
following example.

R ¥
¥

¥
¥ ¥

In this case, the rectangle R turns out to be complete for Int
in S. In fact, for any edge E 2 edges(R), the two projections
#l E

(Int(S) \ R) and #l E
(S \ R) give the same intervals, which

are depicted with (blue and red) thick lines. Let us now consider
the following modified picture, where the rightmost point of S is
moved one step down.

R ¥
¥

¥
¥

¥

Here, completeness of R for Int in S is lost. In fact, for the
rightmost vertical edge E 2 edges(R), Int(#l E

(S \ R)) is the
(red) dashed interval which is strictly contained in the interval
#l E

(Int(S)\R) obtained by projecting S onto E: the gap between
these two intervals is depicted by the (blue) dotted segment.

Of course, Theorem 6.1 can be stated in general for a N -
dimensional space, with N � 1: in the general geometric formula-
tion, R is a N -dimensional hyperrectangle (also called orthotope),
S 2 " (ZN

) is any set of points in the N -dimensional space, edges
of R are replaced by the 2N facets of the hyperrectangle R and
lines determined by edges are the (N�1)-dimensional hyperplanes
determined by facets.

Furthermore, Theorem 6.1 also holds for octagons with the
same statement where the abstraction Oct replaces Int. Here, in
the 2-dimensional case, the edges of an octagon are at most eight

Conditional rule



Conditional Proofs of 
Completeness

A proof of completeness for P in $ α  which depends on 
all the assumptions made for the Boolean guards of P

9 ! A(Int)

" Int x := 9

?

(x > 0) ! B(Int)

?

Â(x > 0) ! B(Int)

x # 1 ! A(Int)

" Int x := x # 1

" Int while (x > 0) do x := x # 1

" Int x := 9; while(x > 0) do x := x # 1

Figure 6. The derivation tree proving the completeness of the programP on the abstractionNull.

9 ! A(Int)

" Int x := 9

assume[S : Int{ x ! S | x > 0} = [1 , + $ ] %Int Int(S)]

(x > 0) ! B(Int)

assume[S : Int{ x ! S | x & 0} = [ #$ , 0] %Int Int(S)]

Â(x > 0) ! B(Int)

x # 1 ! A(Int)

" Int x := x # 1

" Int while (x > 0) do x := x # 1

" Int x := 9; while(x > 0) do x := x # 1

Figure 7. The derivation tree proving the completeness of the programP on the abstractionNull.

On the abstract side, the abstraction ofS in Oct is as follows:

Oct(S) = ' 0 & x & 3, 0 & y & 2, 0 & z & 4,

2 & x + y & 3, # 2 & x # y & 3, 0 & x + z & 7,

# 1 & x # z & 0, 2 & y + z & 4, # 4 & y # z & 2(.

We consider the store(1, 2, 2) ! Oct(S) so that (4, 2, 2) !
! x := 2 ) y"Oct(S) * Oct(! x := 2 ) y"Oct(S)) . However, we
have that(4, 2, 2) +! Oct(! x := 2 ) y"S) because the relation
x + z = 4 is not satisÞed. This shows thatOct(! x := 2 ) y"S) (
Oct(! x := 2 ) y"Oct(S)) , i.e., x := 2 ) y +!C(Oct).

It turns out that the remaining assignments are the only which
are complete for octagons.

Lemma 5.7. The only complete assignments for Oct are: x :=
a ) y + k and x := a ) x + k, where a ! { # 1, 0, 1} and k ! Z.

Proof. Considerx := a ) y + k with a ! { # 1, 0, 1} . By the
characterization of completeness given in [13] and recalled in Sec-
tion 2, we have that! x := a ) y + k" ! C(Oct) iff for any octagon
oct ! Oct:

max({ T ! ! (S) | ! x := a ) y + k"T * oct} ) ! Oct.

We observe that this maximal set of store can be obtained fromoct
by replacing in any relation involving the variablex the expression
ay + k. If a = 0 then it is clear that this replacement still provides
relations of the shape± x ± y & k. It turns out that this also
happens fora ! { # 1, 1} . Let us consider the casea = 1 , namely
x := y + k. The following cases are possible. The replacement
for a & x & b provides the relationa # k & y & b # k; for
a & x # y & b the relationa & k & b, which can be true or false
(and in this case we obtain the empty octagon); fora & x + y & b
the relationa # k & 2y & b # k, which is equivalent (integer
variables) to, (a # k)/ 2- & y & . (b# k)/ 2/ ; for a & x ± z & b,
wherez += y, we obtaina # k & y ± z & b # k. Thus, in
each case we obtain a variable relation of the shape± x ± y & k,
i.e., max({ T ! ! (S) | ! x := y + k"T * oct} ) is an octagon. A
similar analysis applies to the remaining casesx := # y + k and
x := ± x + k.

Lemma 5.7 therefore provides an exhaustive (static) analysis of
the completeness of assignments for the octagon abstraction. It is
worthwhile to observe that [20, Figure 15] describes algorithms that
compute the best correct approximations (called exact approxima-
tions in [20]) on octagons for precisely the set of complete assign-
ments characterized by Lemma 5.7. This may suggest an interesting

relationship between the property of being complete for an assign-
ment and that of admitting a computable best correct approxima-
tion.

6. Proving Completeness of Guards

We argued that the main problem in proving" A P lies in the fact
that in general it is hard to prove thatb ! B(A) andÂb ! B(A)
for an arbitrary store abstractionA. Actually, most of the times,
only trivial guardsÑtrue, false, nondeterministic choices and, e.g.,
x = Null in the nullness domainÑturn out to be complete. For
instance, one may expect that a Boolean condition which is exactly
representable in some abstraction, asx > 0 in Int, turns out to
be complete. However, in general, this is not the case, as shown
by Example 5.2. Our goal is to take into account explicitly the
Boolean guards of programs by adding suitable assumptions to
completeness proofs in" A . Thus, we derive a conditional proof
of completeness inA for a programP, whose assumptions on the
completeness of the Boolean guards ofP then need to be validated
in a further distinct step.

Let us consider a store abstractionA
↵,� ! Abs(! (S)) and

a Boolean predicateb ! BExp . We use the following notation:
! b"t , { " ! S | #b$" = t} . If #(! b"S) = !b"↵#(S) holds for
a givenS ! ! (S) then b is called complete forA in S. Since
this condition is equivalent to#(! b"S) = #(!b"$(#(S))) and
!b"S = !b"t 0 S, we have thatb is complete forA in S when
#(!b"t 0 S) = #(!b"t 0 $(#(S))) .

Now, let us consider someb ! BExp which is representable
in the abstract domainA, that is,! b"t = $(#(! b"t)) holds Ñ we
call themA-Boolean expressions. For example,x & k1 1 y > k 2

is a Int- andOct-Boolean expression, whilek & x 1 x & y is a
Oct-Boolean expression but not aInt-Boolean expression. In this
case, it turns out that

#(! b"t 0 $(#(S)))= #($(#(! b"t)) 0 $(#(S)))

= #($(#(! b"t) 1 A #(S)))= #(!b"t) 1 A #(S)

so that completeness ofb for A in S corresponds to require:

#(! b"t 0 S) = #(!b"t) 1 A #(S).

We instrument our proof system" A with suitable assumptions
that guarantee that the sets of possible input states for a Boolean
guard make it complete. This allows us to derive a conditional
proof of completeness for a programP under these assumptions
on the completeness of the Boolean guards ofP . These proof
assumptions can then be proved in a later step,e.g. by a static



Completeness of guards on Int

A in S can therefore be expressed by

! (! b"t ! S) = ! (! b"t ! ! (S)) .

Interestingly, this latter condition coincides precisely with the
weak-completeness property introduced in [14]. This is a weaker
notion of completeness for binary operators where one of the
arguments always belongs to the abstract domain. We recall
from [14] that an abstract domainA " Abs(" (! )) on the
concrete Boolean lattice2 #" (! ), $% is weak-complete for! iff
A = A # A , where for anyX, Y $ " (! ): X # Y =!

x & y = Âx ' y
"
" x " X andy " Y

#
. This holds iff A is

a complete sub-boolean algebra of" (! ).

In view of this observation we can instrument our proof sys-
tem ( ! with a speciÞc program analysis, or alternatively as-
sume hypothesis on the properties of the computed states, in
order to generate a proof of relative completeness for a given
programP with respect to! and to its inputs states that make
its guards weak-complete. Assume that)(! P and that" =!

b " ImpExp! P
"
" b )" E!

#
contains only boolean guards

such that! b"t " A . This means that the proof of completeness
for P fails along some of its Boolean guards which are expressible
in the abstract domain. This is a highly common scenario in pro-
grama analysis. Letb " " one of these guards. If we can guarantee
that all statesS in the invariant at the program point ofb in P sat-
isfy weak-completeness with respect to!b"t , then we can conclude
that b " E! . We can therefore specify a suitable set of rules for
relative guard completeness (Gc), assuming a property on program
states making a Boolean guard complete relatively to these states:

assume[S : ! (! b"t ! S) = !b"t ! ! (S)]

b " E!

[Gc ]

It is clear that ifS $ ! , G is the collection of all the assumptions
ge made fore " " in a proof of ( ! ' Gc P , and for any
ge " G the set of states reachinge from S in P satisÞesge, then
! (!P "(S)) = !P "! (! (S)) .

6.1 On the completeness ofInt- and Oct-Boolean tests

Our goal here is to provide a characterization of the completeness
for the boolean expressions which are representable in the numeri-
cal abstractionsInt andOct. We characterize the sets of all concrete
states that make any boolean expression inInt andOct complete,
providing therefore a speciÞc formulation for assumptions in the
rules (Gc) for these abstractions.

In order to make our notation as simple as possible, in what fol-
lows we consider the numerical abstractionsInt andOct with two
variables(x, y ), i.e., Int, Oct " Abs(" (Z2)) . The generalization
to N > 2 variables is conceptually straightforward but notation-
ally tedious. Thus, a (possibly inÞnite) interval in two variables is
a (possibly inÞnte) rectangleR in the plane. A rectangleR can
be represented by its (possibly inÞnite) edges inedges(R), which
are at most four (this is the case of Þnite rectangles). Similarly,
an octagonO in two variables can be represented by its edges in
edges(O), which are at most eight. AnyE " edges(R) determines
a line in the integer plane(x, y ) which is denoted bylE . For any
rectangleR " Int, we denote bylines(R) the set of (at most four)
lines in the plane determined by the edges inedges(R). Analogous
notation is used for octagons. Also, ifl is a line in the integer plane
(x, y ) andS " " (Z2) is any set of points then#l (S) denotes the
orthogonal projection ofS ontol .

2 The results in [14] holds for generic quantales.

THEOREM 6.1. Let R be anInt-boolean test. Then,R is complete
for Int in a set of storesS " " (Z2) if and only if

Int(S) ! R )= ! *

+E " edges(R). E ! Int(#l E (S)) $ Int(#l E (S ! R)) . (1)

PROOF5. SinceInt(S ! R) $ Int(Int(S) ! R) andInt(Int(S) !
R) = Int(S) ! R always hold, let us Þrst observe thatR is not
complete forInt in S when

Int(S ! R) )= Int(Int(S) ! R) ,

Int(S ! R) )= Int(S) ! R ,

Int(S ! R) " Int(S) ! R.

Moreover, it turns out that the rectangleInt(S ! R) is strictly
contained into the rectangleInt(S) ! R iff there exists an edge
E ! " edges(Int(S) ! R) such that#l !

E (Int(S ! R)) " E ! =
#l !

E (Int(S) ! R). The following Þgure helps in explaining this,
whereS is the set of bullets,Int(S ! R) is the dashed rectangle
in red, andInt(S) ! R is the dotted rectangle in blue.

R

¥
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¥

¥
¥

Since the rectangleInt(S) ! R is contained inR, the latter con-
dition holds iff there exists an edgeE " edges(R) such that
#l E (Int(S ! R)) " #l E (Int(S) ! R). Let us also notice the fol-
lowing equalities which are derived as properties of the orthogonal
projection:

(A) #l E (Int(S ! R)) = Int(#l E (S ! R)) ;
(B) #l E (Int(S) ! R) = #l E (Int(S)) ! #l E (R) = #l E (Int(S)) !

E = Int(#l E (S)) ! E .

By (A) and (B), we have that#l E (Int(S ! R)) " #l E (Int(S) ! R)
holds iff Int(#l E (S ! R)) " Int(#l E (S)) ! E . Summing up,
we have proved thatR is not complete inS iff there existsE "
edges(R) such thatInt(#l E (S ! R)) " Int(#l E (S)) ! E . It is
now easy to check that this latter condition holds iffÂ(1) holds.
On the one hand, ifInt(#l E (S ! R)) " Int(#l E (S)) ! E then
Int(#l E (S)) ! E )$ Int(#l E (S ! R)) and sinceInt(S) ! R -
Int(#l E (S)) ! E we also obtain thatInt(S) ! R )= ! . On the
other hand, the other implication is trivial.2

EXAMPLE 6.2. In the following pictures, the set of pointsS is
determined by the set of bullets. It turns out thatR is complete
for Int in S. In fact, for any edgeE of R, the projections ofS and
S ! R ontoE gives rise to the same intervals, which are depicted
in thick blue.

R
¥
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¥ ¥

On the other hand, if the rightmost point ofS is placed one step
down, as depicted in the following picture, completeness ofR for
Int in S is lost. In fact, for rightmost vertical edgeE of R, the
projection ofS ! R onto E gives rise to the blue interval which
is strictly contained in the interval determined by the projection of
S ontoE : the gap between these two intervals is depicted in thick
red.
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Of course, Theorem 6.1 can be stated in general for any N -
dimensional space, with N � 1: in the general formulation, R
in Int is an N -dimensional hyperrectangle (also called orthotope),
S 2 ! (ZN ) is any set of points in the N -space, edges of R are
substitued by the 2N facets of the hyperrectangle R and lines de-
termined by edges are N � 1 dimensional hyperplanes determined
by facets.

Furthermore, Theorem 6.1 also holds for octagons in Oct with
the same statement where the abstraction Oct substitutes Int . Here,
in the 2-dimensional case, the edges of an octagon are at most eight
while the Oct abstraction of a projection onto a line boils down to
an interval abstraction.

EXAMPLE 6.3. In the following picture, the octagonO is complete
for Oct in the set of pointsS depicted by bullets. In the Þgure,
Oct(S) is depcited in dotted blue, whileOct(S \O) is depicted in
dashed red.

O

¥

¥
¥

¥

¥

¥

On the other hand, if the leftmost point ofS is placed two steps
down, as depicted in the following picture, completeness ofO for
Oct in S is lost: the gap between the two orthogonal projections
on the edgeE of O is depicted in thick green, in accordance with
Theorem 6.1.

O
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6.2 Completeness of program guards

Consider a program template

P def= x := k1; y := k2; while (x, y 2 R) do { x := a1; y := a2}

which subsumes the examples of Fig. 2, Fig. 3, and Fig. 4. We as-
sume that: (i) Ris any (finite or infinite) 2-dimensional rectangle in
Int such that its complement ÂR remains a rectangle; (ii) ki 2 Z
and ai are arithmetic expressions which induce completeness for
intervals Int , namely, we suppose that ! x := a1" and ! x := a2" are
complete for Int . Let S be the set of concrete (x, y )-points dy-
namically computed by the body of the while-loop, i.e., if I =
{ (k1, k2)} then S = lfp(" X. #R$I [ ! x := a1; y := a2"#R$X ).
Since the body of the while-loop is complete for Int , we apply The-
orem 6.1 to derive the Int-completeness of P from completeness of
the Boolean guard Rfor Int . Let us consider the following cases.

(A) If #R$I 6= I , namely #R$I = ! , then the while-loop is not
entered, i.e. S = ! , and the program is trivially complete. For
example:

x := 2; y := 4; while (x < 0) do { x := x + 1; y := y + 1 }

In this case, completeness of Rfor S is obtained by Theorem 6.1
because Int(S) \ R= ! .

(B) If #R$I = I then the while-loop is entered. If S is infinite
then we have nontermination, that is, an infinite while-loop. For
example:

x := 2; y := 4; while (x > 0) do { x := x + 1; y := y + 1 }

This means that S ✓ R, so that, for any edge E of R, E \
Int(#l E (S)) = Int(#l E (S)) = Int(#l E (S \ R)) . Moreover,
Int(S) \ ÂR = ! . Thus, here again, this trivial form of com-
pleteness of P for Int can be inferred from Theorem 6.1.

(C) If #R$I = I and S is finite then the while-loop is entered
and we have termination. This means that S \ R 6= ! and
S \ ÂR 6= ! . For example:

P1
def=

x := 2; y := 4; while (x > 0) do { x := x � 1;y := y � 1}

P2
def=

x := 2; y := 4; while (x > 0) do { x := x � 1;y := y}

It turns out that:

SP1 = { (2, 4), (1, 3), (0, 2)} ;

SP2 = { (2, 4), (1, 4), (0, 4)} .

Therefore, by Theorem 6.1, we obtain that Ris not complete for
SP1 while both Rand ÂRare complete for SP2 . Hence, while
for P1 no inference on its Int completeness can be derived, for
P2 our proof system allows us to infer its completeness for Int .

(D) Let us now consider the completeness of the programs P1 and
P2 of point (C) for the Oct abstraction. In the case of the Oct
abstraction, while the completeness of P2 for Oct can obviously
be inferred again by our proof system, here we are also able to
infer the completeness of P1 for Oct. In fact, since SP1 is an
octagon, the condition of Theorem 6.1 is clearly satisfied both
for Rand ÂR, which are therefore complete for S.

7. Building abstract domains from proofs
In this section we refine an abstraction $ such that P 2 C! . The
refinement is driven by the proof system. Assume ! ✓ Imp and
%2 uco(! (" )) . Define

=" (! ) =
!

P 2 Imp
"
" ! `" P

#

The set =" (! ) represents the set of all programs which are prov-
ably complete under the hypothesis ! . Of course =" (! ) ✓ C"

and if ! ✓ ! ! then =" (! ) ✓ =" (! ! ). The assumptions in ! can
be systematically derived, as in Section 6, by expanding the proof
tree for the program P until its most irreducible elements, which
are always expressions e 2 ImpExp, and by collecting in ! those e
such that e 62 E" . The following lemma is a direct consequence of
the definitions and proves that for any program P there exists the
minimal set ! such that P 2 =" (! ).

LEMMA 7.1. LetP 2 Imp and let

! "
P

def
=

!
e 2 ImpExp

"
" e 2 P ^ e 62 E"

#

[ !
Âe 2 ImpExp

"
" e 2 P ^ Âe 62 E"

#
.

ThenP 2 =" (! "
P ) and ifP 2 =" (! ) then! "

P ✓ ! .

Next theorem proves that given the assumptions ! "
P derived in

this way for a program P and an (incomplete) abstraction %, it is
possible to derive an abstraction refinement $ v %such that `! P
holds. The theorem relies upon the construction of the complete
shell in [13], specialized for the expressions in ! "

P where the proof
system fails.
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analysis focused on Boolean guards. Let BExp(P ) denote the set
of Boolean guards occurring in some program point of P and
assume that the set �

P

of Boolean guards of P which are not
complete on A, i.e., �

P

, {b 2 BExp(P ) | b 62 B(A)}, consists
of A-Boolean expressions only. If 6`

A

P then the completeness
proof for P may fail along some guard b 2 �

P

. If we are able
to guarantee that this guard b is complete for any set S of possible
input stores at the program point where the guard b occurs in P then
we can safely conclude that b is complete on A for the purpose of
proving that P is complete on A. We therefore add the following
conditional meta-rule [gc] for the completeness of guards b 2 �

P

:

assume[S : ↵(JbKt

\ S) = ↵(JbKt

) ^

A

↵(S)]

b 2 B(A)

[gc]

Hence, a conditional completeness proof of P in `

A

[ {[gc]}

depends on the collection G

P

of all the assumptions made for the
guards b 2 �

P

. The next step consists in designing some domain-
specific—possibly statically checkable—conditions that allow to
validate all the assumptions in G

P

made in a conditional proof of
P , so as to establish an unconditional proof for P on A.

6.1 Completeness of Int- and Oct-Boolean Guards

Given a set of store, we want to provide a characterization of the
completeness of Boolean expressions which are representable as
intervals or octagons. Namely, we characterize the sets of stores
S that make a Int- and Oct-Boolean expression complete, hence
providing specific conditions for the assumptions of the conditional
rule [gc] for Int and Oct.

In order to keep the notation as simple as possible, in what
follows we consider the abstractions Int and Oct on stores over two
variables (x, y), i.e., S = Z2 and Int,Oct 2 Abs(h}(Z2

),✓i).
Moreover, for any set of concrete points S 2 }(Z2

), we use
Int(S),Oct(S) 2 }(Z2

) to denote the corresponding interval and
octagon abstractions. The generalization to N > 2 variables is
conceptually simple but notationally tedious. In two variables, a
(possibly infinite) interval is a (possibly infinite) rectangle R in the
(x, y) plane. A rectangle R can be represented by its set of edges,
denoted by edges(R), which are at most four (this is the case of
finite rectangles). Similarly, an octagon O in two variables can be
represented by its edges in edges(O), which are at most eight.
Any E 2 edges(R) determines a line in the (x, y) integer plane
which is denoted by l

E

. If l is a line in the (x, y) integer plane and
S 2 }(Z2

) is any set of points then ⇡l

(S) denotes the orthogonal
projection of S onto l. Completeness of Int-Boolean guards is then
geometrically characterized as follows.

R is complete for Int in a set of stores S

8E 2 edges(R). ⇡lE
(Int(S) \R) ✓ Int(⇡lE

(S \R)).

Theorem 6.1. Let R be a Int-Boolean expression. Then, R is
complete for Int in a set of stores S 2 }(Z2

) if and only if the
following condition holds:

8E 2 edges(R). ⇡lE
(Int(S) \R) ✓ Int(⇡lE

(S \R)). (⇤)

Proof. Since Int(S \R) ✓ Int(Int(S)\R) = Int(S)\R always
holds, let us first observe that R is not complete for Int in S when

Int(S \R) 6= Int(Int(S) \R) ,

Int(S \R) 6= Int(S) \R ,

Int(S \R) ! Int(S) \R.

Moreover, it turns out that the rectangle Int(S \ R) is strictly
contained into the rectangle Int(S) \ R iff there exists an edge

E !
2 edges(Int(S) \ R) such that ⇡lE!

(Int(S \ R)) ! E !
=

⇡lE!
(Int(S) \ R). The following figure helps in explaining this,

where S is given by the set of bullets, Int(S\R) is the (red) dashed
inner rectangle, and Int(S) \R is the (blue) dotted rectangle.

R
•

•

•

•

•

Since the rectangle Int(S)\R is contained in R, the last condition
Int(S \ R) ! Int(S) \ R holds iff there exists an edge E 2

edges(R) such that ⇡lE
(Int(S\R)) ! ⇡lE

(Int(S)\R). Also, the
orthogonal projection ⇡lE onto the line l

E

satisfies the following
property: ⇡lE

(Int(S \ R)) = Int(⇡lE
(S \ R)), so that Int(S \

R) ! Int(S)\R holds iff Int(⇡lE
(S\R)) ! ⇡lE

(Int(S)\R). It
is now easy to check that this latter condition holds iff the negation
of (⇤) holds.

Observe that in the condition (⇤) we have that ⇡lE
(Int(S)\R)

is always an interval because Int(S) \ R is always a rectangle.
Furthermore, if S is already a rectangle, namely Int(S) = S,
then condition (⇤) holds so that we have completeness. Let us also
observe that (⇤) is trivially satisfied when one of the following
conditions hold: Int(S) \ R = " or S ✓ R or R ✓ S. Finally,
if S \ R = " but Int(S) \ R 6= " , then (⇤) boils down to
8E 2 edges(R).⇡lE

(Int(S) \ R) = " , which is always false,
so that completeness does not hold.

Example 6.2. In the following pictures, the set of points S in the
(x, y) plane is given by the set of bullets. Let us first consider the
following example.

R •

•

•

• •

In this case, the rectangle R turns out to be complete for Int
in S. In fact, for any edge E 2 edges(R), the two projections
⇡lE

(Int(S) \ R) and ⇡lE
(S \ R) give the same intervals, which

are depicted with (blue and red) thick lines. Let us now consider
the following modified picture, where the rightmost point of S is
moved one step down.

R •

•

•

•

•

Here, completeness of R for Int in S is lost. In fact, for the
rightmost vertical edge E 2 edges(R), Int(⇡lE

(S \ R)) is the
(red) dashed interval which is strictly contained in the interval
⇡lE

(Int(S)\R) obtained by projecting S onto E: the gap between
these two intervals is depicted by the (blue) dotted segment.

Of course, Theorem 6.1 can be stated in general for a N -
dimensional space, with N � 1: in the general geometric formula-
tion, R is a N -dimensional hyperrectangle (also called orthotope),
S 2 }(ZN

) is any set of points in the N -dimensional space, edges
of R are replaced by the 2N facets of the hyperrectangle R and
lines determined by edges are the (N�1)-dimensional hyperplanes
determined by facets.

Furthermore, Theorem 6.1 also holds for octagons with the
same statement where the abstraction Oct replaces Int. Here, in
the 2-dimensional case, the edges of an octagon are at most eight

analysis focused on Boolean guards. LetBExp( P) denote the set
of Boolean guards occurring in some program point ofP and
assume that the set! P of Boolean guards ofP which are not
complete onA, i.e., ! P ! { b ! BExp( P) | b "! B(A)} , consists
of A-Boolean expressions only. If"#A P then the completeness
proof for P may fail along some guardb ! ! P . If we are able
to guarantee that this guardb is complete for any setS of possible
input stores at the program point where the guardboccurs inP then
we can safely conclude thatb is complete onA for the purpose of
proving thatP is complete onA. We therefore add the following
conditional meta-rule [gc] for the completeness of guardsb ! ! P :

assume[S : ! (! b"t $ S) = ! (! b"t) %A ! (S)]

b ! B(A)
[gc]

Hence, a conditional completeness proof ofP in #A & { [gc]}
depends on the collectionGP of all the assumptions made for the
guardsb ! ! P . The next step consists in designing some domain-
speciÞcÑpossibly statically checkableÑconditions that allow to
validate all the assumptions inGP made in a conditional proof of
P , so as to establish an unconditional proof forP onA.

6.1 Completeness ofInt- and Oct-Boolean Guards

Given a set of store, we want to provide a characterization of the
completeness of Boolean expressions which are representable as
intervals or octagons. Namely, we characterize the sets of stores
S that make aInt- andOct-Boolean expression complete, hence
providing speciÞc conditions for the assumptions of the conditional
rule [gc] for Int andOct.

In order to keep the notation as simple as possible, in what
follows we consider the abstractionsInt andOct on stores over two
variables(x, y ), i.e., S = Z2 and Int, Oct ! Abs(' " (Z2), () ).
Moreover, for any set of concrete pointsS ! " (Z2), we use
Int(S), Oct(S) ! " (Z2) to denote the corresponding interval and
octagon abstractions. The generalization toN > 2 variables is
conceptually simple but notationally tedious. In two variables, a
(possibly inÞnite) interval is a (possibly inÞnite) rectangleR in the
(x, y ) plane. A rectangleR can be represented by its set of edges,
denoted byedges(R), which are at most four (this is the case of
Þnite rectangles). Similarly, an octagonO in two variables can be
represented by its edges inedges(O), which are at most eight.
Any E ! edges(R) determines a line in the(x, y ) integer plane
which is denoted bylE . If l is a line in the(x, y ) integer plane and
S ! " (Z2) is any set of points then#l (S) denotes the orthogonal
projection ofS ontol . Completeness ofInt-Boolean guards is then
geometrically characterized as follows.

R is complete forInt in a set of storesS

* E ! edges(R). #l E (Int(S) $ R) ( Int(#l E (S $ R))

Theorem 6.1. Let R be a Int-Boolean expression. Then,R is
complete forInt in a set of storesS ! " (Z2) if and only if the
following condition holds:

* E ! edges(R). #l E (Int(S) $ R) ( Int(#l E (S $ R)) . (+)

Proof. SinceInt(S $ R) ( Int(Int(S) $ R) = Int(S) $ R always
holds, let us Þrst observe thatR is not complete forInt in S when

Int(S $ R) "= Int(Int(S) $ R) ,

Int(S $ R) "= Int(S) $ R ,

Int(S $ R) ! Int(S) $ R.

Moreover, it turns out that the rectangleInt(S $ R) is strictly
contained into the rectangleInt(S) $ R iff there exists an edge

E ! ! edges(Int(S) $ R) such that#l E ! (Int(S $ R)) ! E ! =
#l E ! (Int(S) $ R). The following Þgure helps in explaining this,
whereS is given by the set of bullets,Int(S$ R) is the (red) dashed
inner rectangle, andInt(S) $ R is the (blue) dotted rectangle.

R
¥

¥

¥

¥
¥

Since the rectangleInt(S) $ R is contained inR, the last condition
Int(S $ R) ! Int(S) $ R holds iff there exists an edgeE !
edges(R) such that#l E (Int(S$ R)) ! #l E (Int(S)$ R). Also, the
orthogonal projection#l E onto the linelE satisÞes the following
property:#l E (Int(S $ R)) = Int(#l E (S $ R)) , so thatInt(S $
R) ! Int(S) $ R holds iff Int(#l E (S $ R)) ! #l E (Int(S) $ R). It
is now easy to check that this latter condition holds iff the negation
of (+) holds.

Observe that in the condition(+) we have that#l E (Int(S) $ R)
is always an interval becauseInt(S) $ R is always a rectangle.
Furthermore, ifS is already a rectangle, namelyInt(S) = S,
then condition(+) holds so that we have completeness. Let us also
observe that(+) is trivially satisÞed when one of the following
conditions hold:Int(S) $ R = " or S ( R or R ( S. Finally,
if S $ R = " but Int(S) $ R "= " , then (+) boils down to
* E ! edges(R). #l E (Int(S) $ R) = " , which is always false,
so that completeness does not hold.

Example 6.2. In the following pictures, the set of pointsS in the
(x, y ) plane is given by the set of bullets. Let us Þrst consider the
following example.

R ¥
¥

¥
¥ ¥

In this case, the rectangleR turns out to be complete forInt
in S. In fact, for any edgeE ! edges(R), the two projections
#l E (Int(S) $ R) and#l E (S $ R) give the same intervals, which
are depicted with (blue and red) thick lines. Let us now consider
the following modiÞed picture, where the rightmost point ofS is
moved one step down.

R ¥
¥

¥
¥

¥

Here, completeness ofR for Int in S is lost. In fact, for the
rightmost vertical edgeE ! edges(R), Int(#l E (S $ R)) is the
(red) dashed interval which is strictly contained in the interval
#l E (Int(S) $ R) obtained by projectingS ontoE : the gap between
these two intervals is depicted by the (blue) dotted segment.

Of course, Theorem 6.1 can be stated in general for aN -
dimensional space, withN - 1: in the general geometric formula-
tion, R is aN -dimensional hyperrectangle (also called orthotope),
S ! " (ZN ) is any set of points in theN -dimensional space, edges
of R are replaced by the2N facets of the hyperrectangleR and
lines determined by edges are the(N . 1)-dimensional hyperplanes
determined by facets.

Furthermore, Theorem 6.1 also holds for octagons with the
same statement where the abstractionOct replacesInt. Here, in
the 2-dimensional case, the edges of an octagon are at most eight

Theorem

Two variables x,y and a Boolean guard R  
representable in Int, a rectangle, e.g. k1≤x≤k2 % y>k3 



Conditional Proofs of 
Completeness in Int

A proof of completeness for P in $ α  which depends on 
all the assumptions made for the Boolean guards of P

9 ! A(Int)

" Int x := 9

?

(x > 0) ! B(Int)

?

Â(x > 0) ! B(Int)

x # 1 ! A(Int)

" Int x := x # 1

" Int while (x > 0) do x := x # 1

" Int x := 9; while(x > 0) do x := x # 1

Figure 6. The derivation tree proving the completeness of the programP on the abstractionNull.

9 ! A(Int)

" Int x := 9

assume[S : Int{ x ! S | x > 0} = [1 , + $ ] %Int Int(S)]

(x > 0) ! B(Int)

assume[S : Int{ x ! S | x & 0} = [ #$ , 0] %Int Int(S)]

Â(x > 0) ! B(Int)

x # 1 ! A(Int)

" Int x := x # 1

" Int while (x > 0) do x := x # 1

" Int x := 9; while(x > 0) do x := x # 1

Figure 7. The derivation tree proving the completeness of the programP on the abstractionNull.

On the abstract side, the abstraction ofS in Oct is as follows:

Oct(S) = ' 0 & x & 3, 0 & y & 2, 0 & z & 4,

2 & x + y & 3, # 2 & x # y & 3, 0 & x + z & 7,

# 1 & x # z & 0, 2 & y + z & 4, # 4 & y # z & 2(.

We consider the store(1, 2, 2) ! Oct(S) so that (4, 2, 2) !
! x := 2 ) y"Oct(S) * Oct(! x := 2 ) y"Oct(S)) . However, we
have that(4, 2, 2) +! Oct(! x := 2 ) y"S) because the relation
x + z = 4 is not satisÞed. This shows thatOct(! x := 2 ) y"S) (
Oct(! x := 2 ) y"Oct(S)) , i.e., x := 2 ) y +!C(Oct).

It turns out that the remaining assignments are the only which
are complete for octagons.

Lemma 5.7. The only complete assignments for Oct are: x :=
a ) y + k and x := a ) x + k, where a ! { # 1, 0, 1} and k ! Z.

Proof. Considerx := a ) y + k with a ! { # 1, 0, 1} . By the
characterization of completeness given in [13] and recalled in Sec-
tion 2, we have that! x := a ) y + k" ! C(Oct) iff for any octagon
oct ! Oct:

max({ T ! ! (S) | ! x := a ) y + k"T * oct} ) ! Oct.

We observe that this maximal set of store can be obtained fromoct
by replacing in any relation involving the variablex the expression
ay + k. If a = 0 then it is clear that this replacement still provides
relations of the shape± x ± y & k. It turns out that this also
happens fora ! { # 1, 1} . Let us consider the casea = 1 , namely
x := y + k. The following cases are possible. The replacement
for a & x & b provides the relationa # k & y & b # k; for
a & x # y & b the relationa & k & b, which can be true or false
(and in this case we obtain the empty octagon); fora & x + y & b
the relationa # k & 2y & b # k, which is equivalent (integer
variables) to, (a # k)/ 2- & y & . (b# k)/ 2/ ; for a & x ± z & b,
wherez += y, we obtaina # k & y ± z & b # k. Thus, in
each case we obtain a variable relation of the shape± x ± y & k,
i.e., max({ T ! ! (S) | ! x := y + k"T * oct} ) is an octagon. A
similar analysis applies to the remaining casesx := # y + k and
x := ± x + k.

Lemma 5.7 therefore provides an exhaustive (static) analysis of
the completeness of assignments for the octagon abstraction. It is
worthwhile to observe that [20, Figure 15] describes algorithms that
compute the best correct approximations (called exact approxima-
tions in [20]) on octagons for precisely the set of complete assign-
ments characterized by Lemma 5.7. This may suggest an interesting

relationship between the property of being complete for an assign-
ment and that of admitting a computable best correct approxima-
tion.

6. Proving Completeness of Guards

We argued that the main problem in proving" A P lies in the fact
that in general it is hard to prove thatb ! B(A) andÂb ! B(A)
for an arbitrary store abstractionA. Actually, most of the times,
only trivial guardsÑtrue, false, nondeterministic choices and, e.g.,
x = Null in the nullness domainÑturn out to be complete. For
instance, one may expect that a Boolean condition which is exactly
representable in some abstraction, asx > 0 in Int, turns out to
be complete. However, in general, this is not the case, as shown
by Example 5.2. Our goal is to take into account explicitly the
Boolean guards of programs by adding suitable assumptions to
completeness proofs in" A . Thus, we derive a conditional proof
of completeness inA for a programP, whose assumptions on the
completeness of the Boolean guards ofP then need to be validated
in a further distinct step.

Let us consider a store abstractionA
↵,� ! Abs(! (S)) and

a Boolean predicateb ! BExp . We use the following notation:
! b"t , { " ! S | #b$" = t} . If #(! b"S) = !b"↵#(S) holds for
a givenS ! ! (S) then b is called complete forA in S. Since
this condition is equivalent to#(! b"S) = #(!b"$(#(S))) and
!b"S = !b"t 0 S, we have thatb is complete forA in S when
#(!b"t 0 S) = #(!b"t 0 $(#(S))) .

Now, let us consider someb ! BExp which is representable
in the abstract domainA, that is,! b"t = $(#(! b"t)) holds Ñ we
call themA-Boolean expressions. For example,x & k1 1 y > k 2

is a Int- andOct-Boolean expression, whilek & x 1 x & y is a
Oct-Boolean expression but not aInt-Boolean expression. In this
case, it turns out that

#(! b"t 0 $(#(S)))= #($(#(! b"t)) 0 $(#(S)))

= #($(#(! b"t) 1 A #(S)))= #(!b"t) 1 A #(S)

so that completeness ofb for A in S corresponds to require:

#(! b"t 0 S) = #(!b"t) 1 A #(S).

We instrument our proof system" A with suitable assumptions
that guarantee that the sets of possible input states for a Boolean
guard make it complete. This allows us to derive a conditional
proof of completeness for a programP under these assumptions
on the completeness of the Boolean guards ofP . These proof
assumptions can then be proved in a later step,e.g. by a static

S = { 9, 8, 7, ..., 0}

Int((x > 0) ! S) = (x > 0) ! Int(S) Int((x ! 0) " S) = ( x ! 0) " Int(S)

With x:=x- 1; we don't have "holes" in 0 for S 



Completeness of guards on Oct

IncompletenessCompleteness

while the abstraction in Oct of a projection onto a line boils down
to an interval abstraction. Thus, if O is a Oct-Boolean guard then
O is complete for Oct in S iff the following condition holds:

8E 2 edges(O). ⇡lE
(Oct(S) \O) ✓ Int(⇡lE

(S \O)). (⇤)

Example 6.3. In the following picture, the octagon O is complete
for Oct in the set S of points depicted as bullets. In the picture,
Oct(S) is depicted with (blue) dotted edges, while Oct(S \ O) is
depicted with (red) dashed edges. Condition (⇤) holds: for exam-
ple, for the edge E 2 edges(O) in the picture ⇡lE

(Oct(S)\O) =

Int(⇡lE
(S \O)) is the (red) dashed interval.

O

•

•

•

•

•

•

On the other hand, let us consider the following modified picture,
where the leftmost point of S is moved two steps down.

O
• •

•

•

•

•

Here, completeness of O for Oct in S is lost: the gap between the
two orthogonal projections on the edge E 2 edges(O) is depicted
with a (gray) thick segment, i.e., condition (⇤) does not hold.

Theorem 6.1 explains precisely why the Int/Oct-Boolean ex-
pression R ⌘ x  0, which is the negation of the loop guard of the
program DecInc in Figure 4 discussed in Section 1, is not complete
for Int in the set of input stores S = {(9, 0), (8, 1), . . . , (0, 9)}.
Here, Int(S) \ R = hx = 0, 0  x  9i and S \ R = {(0, 9)},
and for the edge E ⌘ hx = 0i 2 edges(R), we have that
⇡lE

(Int(S) \ R) = hx = 0, 0  y  9i is not contained in
Int(⇡lE

(S \ R)) = {(0, 9)}. Instead, this incompleteness does
not arise with Oct because ⇡lE

(Oct(S) \ R) = {(0, 9)} =

Int(⇡lE
(S \R)).

Validating Assumptions on Guards. Consider the following pro-
gram template

P , x := k1; y := k2;while (x, y 2 R) do {x := a1; y := a2}

which subsumes the examples of Figures 2, 3 and 4. We assume
that: (i) k

i

2 Z are constant values; (ii) R is any (finite or infinite)
2-dimensional rectangle in Int such that its complement ¬R is a
rectangle as well; (iii) the arithmetic expressions a

i

2 AExp are
complete for Int, i.e., a

i

2 A(Int). By assumption (i):

k1 2 A(Int)

`

NR

Int x := k1

k2 2 A(Int)

`

NR

Int y := k2

`

NR

Int x := k1; y := k2

Also, by assumption (iii), the body of the while-loop can be proved
complete for Int:

a1 2 A(Int)

`

NR

Int x := a1

a2 2 A(Int)

`

NR

Int y := a2

`

NR

Int x := a1; y := a2

Let us then consider the set S of stores, i.e., concrete (x, y)-
points, computed by the body of the while-loop of P , i.e., if I =

{(k1, k2)} 2 }(Z2
) is the set of input stores for the while-loop

then S is given by

S = lfp(�X.I [ !x := a1; y := a2"! R"X).

We thus have a conditional proof `

NR

Int P which depends on the
assumptions on the Boolean guard R and its negation ¬R:

assume[S : Int(R \ S) = R \ Int(S)],

assume[S : Int(¬R \ S) = ¬R \ Int(S)].

We apply Theorem 6.1 to derive the validity of these assumptions.
Let us consider the following cases.

(A) If !R"I 6= I , i.e. !R"I = ! , then the while-loop is not
entered, so that S = I , and R \ S = ! and ¬R \ S = S. For
example, this happens with:

x := 2; y := 4;while (x < 0) do {x := x+ 1; y := y + 1}

In this case, completeness of R and ¬R for S is a trivial case of
condition (⇤) in Theorem 6.1.

(B) If !R"I = I then the while-loop is entered. If S is an
infinite set then we have nontermination. This means that S ✓ R
and ¬R \ S = ! . This happens, for example, with the program:

x := 2; y := 4;while (x > 0) do {x := x+ 1; y := y + 1}

Here, condition (⇤) for R and ¬R follows trivially because we have
that, respectively, S ✓ R and ¬R \ S = ! .

(C) If !R"I = I and S is finite then the while-loop is entered
and we have termination. This means that R\S 6= ! and ¬R\S 6=

! . This is the case of the following two programs:

P1 , x := 2; y := 4;while (x > 0) do{x := x�1; y := y�1}

P2 , x := 2; y := 4;while (x > 0) do {x := x�1; y := y}

Here, we have that:

S
P1 = {(2, 4), (1, 3), (0, 2)}; S

P2 = {(2, 4), (1, 4), (0, 4)}.

By condition (⇤), we obtain that R is not complete for S
P1 while

both R and ¬R are complete for S
P2 . While for P1 the assumptions

of its conditional proof cannot be validated, the assumptions for P2

are validated by Theorem 6.1, hence we have `

NR

Int P2.
(D) Finally, let us consider the analyses of the programs

P1 and P2 of point (C) for the abstraction Oct. In this case, by
Lemma 5.7, we have that all the assignments in P1 and P2 are
complete for Oct. Moreover, while `Oct P2 can obviously be in-
ferred as in point (C), here we are also able to infer that `Oct P1.
In fact, since the set S

P1 is an octagon, i.e., Oct(S
P1 ) = S

P1 , the
condition (⇤) is trivially satisfied both for R and ¬R, so that the
assumptions for R and ¬R of the conditional proof of P1 can be
validated.

7. Related Work

To the best of our knowledge, this is the first attempt to systemat-
ically extract a property concerning the precision of a static pro-
gram analysis through a proof system. The subject of our analysis
is a given abstract interpretation of a program, while the property
to analyze is the completeness of this abstract interpretation. Com-
pleteness for an abstract interpretation is particularly important be-
cause it formalizes the absence of false alarms, and therefore it is
deeply related with the quality of the program analysis. The most
related approach is in [13], where the authors define a constructive
optimal abstraction refinement for deriving the most abstract com-
plete domain which refines a given (incomplete) abstraction for a
generic program statement. Our method follows an orthogonal pat-
tern. We are not interested in refining an abstract domain for ob-
taining completeness with respect to a given class of programs, but

while the abstraction inOct of a projection onto a line boils down
to an interval abstraction. Thus, ifO is aOct-Boolean guard then
O is complete forOct in S iff the following condition holds:

! E " edges(O). ! l E (Oct(S) # O) $ Int(! l E (S # O)) . (%)

Example 6.3. In the following picture, the octagonO is complete
for Oct in the setS of points depicted as bullets. In the picture,
Oct(S) is depicted with (blue) dotted edges, whileOct(S # O) is
depicted with (red) dashed edges. Condition(%) holds: for exam-
ple, for the edgeE " edges(O) in the picture! l E (Oct(S) # O) =
Int(! l E (S # O)) is the (red) dashed interval.

O
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On the other hand, let us consider the following modiÞed picture,
where the leftmost point ofS is moved two steps down.

O¥ ¥
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Here, completeness ofO for Oct in S is lost: the gap between the
two orthogonal projections on the edgeE " edges(O) is depicted
with a (gray) thick segment,i.e., condition(%) does not hold.

Theorem 6.1 explains precisely why theInt/Oct-Boolean ex-
pressionR & x ' 0, which is the negation of the loop guard of the
programDecIncin Figure 4 discussed in Section 1, is not complete
for Int in the set of input storesS = { (9, 0), (8, 1), . . . , (0, 9)} .
Here,Int(S) # R = (x = 0 , 0 ' x ' 9) andS # R = { (0, 9)} ,
and for the edgeE & ( x = 0 ) " edges(R), we have that
! l E (Int(S) # R) = (x = 0 , 0 ' y ' 9) is not contained in
Int(! l E (S # R)) = { (0, 9)} . Instead, this incompleteness does
not arise withOct because! l E (Oct(S) # R) = { (0, 9)} =
Int(! l E (S # R)) .

Validating Assumptions on Guards. Consider the following pro-
gram template

P ! x := k1; y := k2; while (x, y " R) do { x := a1; y := a2}

which subsumes the examples of Figures 2, 3 and 4. We assume
that: (i) ki " Z are constant values; (ii)R is any (Þnite or inÞnite)
2-dimensional rectangle inInt such that its complementÂR is a
rectangle as well; (iii) the arithmetic expressionsai " AExp are
complete forInt, i.e., ai " A(Int). By assumption (i):

k1 " A(Int)

* NR
Int x := k1

k2 " A(Int)

* NR
Int y := k2

* NR
Int x := k1; y := k2

Also, by assumption (iii), the body of the while-loop can be proved
complete forInt:

a1 " A(Int)

* NR
Int x := a1

a2 " A(Int)

* NR
Int y := a2

* NR
Int x := a1; y := a2

Let us then consider the setS of stores,i.e., concrete(x, y )-
points, computed by the body of the while-loop ofP , i.e., if I =

{ (k1, k2)} " " (Z2) is the set of input stores for the while-loop
thenS is given by

S = lfp(#X.I + ! x := a1; y := a2"! R"X ).

We thus have a conditional proof* NR
Int P which depends on the

assumptions on the Boolean guardR and its negationÂR:

assume[S : Int(R # S) = R # Int(S)],

assume[S : Int(ÂR # S) = ÂR # Int(S)].

We apply Theorem 6.1 to derive the validity of these assumptions.
Let us consider the following cases.

(A) If !R"I ,= I , i.e. !R"I = ! , then the while-loop is not
entered, so thatS = I , andR # S = ! andÂR # S = S. For
example, this happens with:

x := 2; y := 4; while (x < 0) do { x := x + 1; y := y + 1 }

In this case, completeness ofR andÂR for S is a trivial case of
condition(%) in Theorem 6.1.

(B) If !R"I = I then the while-loop is entered. IfS is an
inÞnite set then we have nontermination. This means thatS $ R
andÂR # S = ! . This happens, for example, with the program:

x := 2; y := 4; while (x > 0) do { x := x + 1; y := y + 1 }

Here, condition(%) for R andÂR follows trivially because we have
that, respectively,S $ R andÂR # S = ! .

(C) If !R"I = I andS is Þnite then the while-loop is entered
and we have termination. This means thatR# S ,= ! andÂR# S ,=
! . This is the case of the following two programs:

P1 ! x := 2; y := 4; while (x > 0) do{ x := x - 1; y := y- 1}

P2 ! x := 2; y := 4; while (x > 0) do { x := x - 1; y := y}

Here, we have that:

SP1 = { (2, 4), (1, 3), (0, 2)} ; SP2 = { (2, 4), (1, 4), (0, 4)} .

By condition(%), we obtain thatR is not complete forSP1 while
bothR andÂR are complete forSP2 . While forP1 the assumptions
of its conditional proof cannot be validated, the assumptions forP2

are validated by Theorem 6.1, hence we have* NR
Int P2.

(D) Finally, let us consider the analyses of the programs
P1 and P2 of point (C) for the abstractionOct. In this case, by
Lemma 5.7, we have that all the assignments inP1 and P2 are
complete forOct. Moreover, while* Oct P2 can obviously be in-
ferred as in point (C), here we are also able to infer that* Oct P1.
In fact, since the setSP1 is an octagon,i.e., Oct(SP1 ) = SP1 , the
condition(%) is trivially satisÞed both forR andÂR, so that the
assumptions forR andÂR of the conditional proof ofP1 can be
validated.

7. Related Work
To the best of our knowledge, this is the Þrst attempt to systemat-
ically extract a property concerning the precision of a static pro-
gram analysis through a proof system. The subject of our analysis
is a given abstract interpretation of a program, while the property
to analyze is the completeness of this abstract interpretation. Com-
pleteness for an abstract interpretation is particularly important be-
cause it formalizes the absence of false alarms, and therefore it is
deeply related with the quality of the program analysis. The most
related approach is in [13], where the authors deÞne a constructive
optimal abstraction reÞnement for deriving the most abstract com-
plete domain which reÞnes a given (incomplete) abstraction for a
generic program statement. Our method follows an orthogonal pat-
tern. We are not interested in reÞning an abstract domain for ob-
taining completeness with respect to a given class of programs, but

Similar to Int



Conclusions

Future Work
Even analyses with widening may be complete!

Proving completeness of widenings wrt abstract (not concrete) joins

¥ Completeness class of a given abstraction!

¥ A proof system for proving completeness!

¥ Need of speciÞc proofs for assignments on numerical abstractions!

¥ Proofs typically fail for Boolean guards, seldom complete !

¥ Conditional proofs for Boolean guards 


