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Definitions

1. A complete partial order (M, <) has a flat ordering iff

Ve,yeM:z<y=zx=1Vxr=y

2. Let (M, <) and (N, <) be complete partial orders, and f: M — N. f is

(a) monotone iff z <y = f(z) < f(y);
(b) strict iff f(L)= L.

3. Let (M, <) and (N, <) be complete lattices, and f: M — N. fis (Scott) continuous iff
f preserves least upper bounds of chains, i.e. for all chains it holds that

f <|_| x(i)> = I_l F(z®)
i€l i€l

Exercise 1

Given functions f: M — N and g : N — P, which of the following statements are true? Give
a proof or a counter example.
For complete partial orders (M, <) and (N, <):

1. If (N, <) has a flat ordering and f is monotone, then f is strict or constant.
2. If (M, <) has a flat ordering and f is strict, then f is monotone.

For complete lattices (M, <), (N, <), and (P, <):
1. If (M, <) satisfies the Ascending Chain Condition and f is monotone, then f is continuous.
2. If f is monotone, then f is strict.
3. If f and g are monotone (continuous, strict), then g o f is monotone (continuous, strict).
4. If f is monotone and (z());c; is a chain in M, then Llicr flz®) < FUier z@).

5. If f is continuous, then f is also monotone.

Solution
1. Vo € M : f monotone and L< x = f(L) < f(x). Since N has a flat ordering, it follows
that f(L) =L Vv f(L1) = f(z). This means that f is either strict (f(L) =L1), or f is
constant, because for every z € M : f(x) = f(L).
2. Let z,y € M. Since M has a flat ordering, it holds that
r<y=z=LlVz=y (1)
As f is strict, it follows that
fle)=f(L)=L<fly) Vv [fx)=Ff(y) (2)

Therefore f(x) < f(y), and f is monotone.



1. Let (();cr be an (arbitrary) chain in M. Construct an ascending chain (y9));cy like
this: Take y(© = 2 for a () € ((),c;. Then

Gen )o@ such that [ []_oy® < 2@
Y B y(j) otherwise

L= y(jo) — y(jo+1)_ Hence, y(jo) — l_ljeN y(j) — l_liel 20
Since f is monotone: f(y(®) < ... < f(yUo)) = Ljen f(y9)), and also,
L] r@9) =[] r®).
jEN i€l
2. Define partial orders M = N = ({L,b},<) with L<b, and f(L) = f(b) = b. Then f is
monotone, but not strict.

3. eletzmye Max<y= f(x) < fly) = g(f(z)) <g(f(y)), as f and g are monotone.
Hence, g o f is monotone.

e Let (z(W);c; be a chain in M.
oo (L)) oL ()) - o0 )

Hence, g o f is continuous.

o Let Ly€ M. Then, f(Ly) =Ly and g(f(Ly)) = g(Ln) =Lp. Hence go f is
strict.

4. Tt holds that z() < ier 2 for all j € I, and because f is monotone, it follows that
FED)y < f(| =) viel (3)
iel
Hence, f(|J;c; ") is an upper bound for the chain (f(z("));c;, and by definition
|| @) < s =)
icl iel
5. Let z,y € M with x <y. Then, x Uy = y. Since f is continuous, it follows that

fly) = fleuy) = f(z)U f(y),
and hence f(z) < f(y).

Definition

Let (M, <) be a complete lattice, and P : M — B = {true, false} a predicate. P is continuous
iff for every chain (z(V);c; in M it holds that P(z(")) = true for all i € I implies P(| |,c; V) =
true.

Exercise 2

Let (M,<) be a complete lattice, f : M — M a continuous function, and P : M — B a
continuous predicate. Prove that

P(L) =true AVz € M : (P(x) =true = P(f(x)) = true)

implies
P(lfp(f)) = true
where Ifp(f) is the smallest fixed point of f.



Solution

By induction, P(f?(L)) = true for all elements in the chain 1< f(L) <...: The base case is
P(Ll) = true, and the induction step is

P(f(L)) = true = P(f(f/(1)) = true = P(f"1(L)) @

P is continuous, this means that for every chain (z(9);c; in M it holds that P(z(?)) = true
for all i € I implies P(| |,.; (") = true. This gives P(U;>0 fi(L)) = true. The fixed point

theorem then gives | |, f*(L) = Lfp(f)-

Exercise 3

Let (A, <) and (G, <) be partial orders, and («,~y) be a Galois connection between A and G,
ie. for X € G and Y € A it holds:

X<Y) <= aoX)<Y
Which of the following statements are true? Give a proof or a counter example.
1. o monotone
2. ~ monotone
3. a=aoyoq

4. y=7yoaoy

Solution
a(X) < a(X) implies X < v(a(X)), and 4(Y) < v(Y) implies a(y(Y)) < Y.
LXi<Xy = Xi<Xo<q@X2) = aXi)<a(Xe)
291<Y, = oa(y(¥1))SVi<Ye = A1) <q(Ya).
3. It holds that a(y(a(X))) < a(X) and X < y(a(y(a(X)))). Therefore, a(X) < a(y(a(X))),

and we have shown that « = ao~vyoa.

4. Tt holds that 7(Y) < A(a(7(Y)) and a(r(a(+(Y)))) < Y. Hence, 7(a(+(Y))) < 7(¥).
And finally, y = yoaon.

Exercise 4

Let (L,<) be a complete lattice, and f : L — L a monotone function. If (L, <) satisfies the
ascending chain condition (ACC), then

p(f) =] r™ ()
neN
Solution

(f(L))pen is an ascending chain: By definition, 1< f(L), and monotonicity of f yields
fO(L) < fEHD(L) for all i € N. By ACC, there exists n € N: f(" (1) = f+1(1). Hence,
f(L) := 1l is a fixed point.

Let [ be another fixed point, i.e. I = f(I). As L <1 and by monotonicity of f, it holds that

L)< fDU) =1 VieN.

Therefore, Iy < I, and [y is 1fp.



