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Exercise 1 (Posets)
1. Show that for the two partially ordered sets (posets) (P(M),C) and (P(N), Q)
the product of the two posets is a poset

(P(M) x P(N),C).
The partial order C is defined as
(m1,n1) C (ma,n2) < m1 C ma Ang C no.
You can assume that M and N are disjoint.

2. a) Let (P1,C4),...,(P,,C,) be posets. Show that the cartesian product P; x
--- x P, and the relation C", where C" is defined as

def _. o
(X1, y2n) C" (Y1, -+ Yn) éfEle ,n]:Vj<i:xj=y; No; iy

def

n
(l‘l,...,.%'n) c" (ylw"ﬂyn) = (Jﬁ'l,...,l‘n) C" (yla"wyn)\//\xi:yia
=1

is a poset.

b) Show that (P, x --- x P,,C") is totally ordered if (P;,C1),...,(P,,C,) are
totally ordered.

¢) What is the (unique) top/bottom element T /L of (P} x --- x P,,C™)?

d) What requirement(s) on (P1,C1),..., (P, Cy) need to be satisfied for T /L
to exist in (P X -+ X P, C")7

Solution
1. Reflexivity:
Proof. (n,m)C (n,m)=mCmAnCn O
Antisymmetry:
Proof.

(n1,m1) C (n2,ma) A (n2, mz2) E (n1,m1)
= m1 Cmgog Amo Cmi Any Cngs Ang Cng

— (nl,ml) = (ng,mg)

Transitivity:
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Proof.

(n1,m1) E (n2,m2) A (n2,m2) E (n3, m3)
= m1 C ma Ang S ng Amy CmgAng Cng
= m1 S mgAni Cng
= (n1,m1) C (n2, ma)

O
2. Note that the order C" is the lexicographical order.
Let @ = (a1 X -+- x ap) and b= (by X -+ X by).
a) Reflexivity:
al"a
Proof. Immediate from the definition of =™, O
Antisymmetry:
aC"bADC"a = a=1b
Proof.

Case (@C"bAbC" @). 4

In particular from 3i € [1,n] : Vj < @ : aj = bj Aa; T; b; follows that
Ai' e [1,n] V5" < :bjy =ay Nby Ty ay because Vi € [1,n] : (a; = by =
a; Zibi ANbj i ai) A (a; T by = a; # by)

Case (a=1b).

Transitivity: a C"bAbC" ¢ = a "¢

Proof.
Case (@C"bAbC" ). We know that

Elz'e[l,n]:Vj<i:aj:bj/\a7;Eibi

i € [1,n]: Vj/ < i/aj/ =bj Nay Ty by.

o Ifi =1 then because of transitivity of C; it holds that a; C; ¢; such that
Vi<i:aj=bjNa; ;¢

o If i # i’ then it holds that ¥j < i" : aj = bj Nay Ty ¢y where
i = min(i,i).

o Ifi#1 thenVj <i :a;=0bjNay Ty cy.
Case (@ " bAb=7¢). Immediate.
Ab ™ €). Immediate.

Case (@ =bAb=r¢c). Immediate.



b) We need to show that VYa,b € Py x --- x P,:aC"bVbLC"a.

Proof by construction.
Case (a =b). Immediate.

Case (a # b). We use the following algorithm to find i € [1,n] such that
Vj<i:aj:bj/\(ai Ci b Vb T ai).
1. i=0;
2. Due to the the total ordering of (P1,C1),. .., (P, C,) we know that either
a; ; b,‘, b; C; a; or a; = b;.
If a; ©; b; or b; C; a; © has been found.
Otherwise a; = b;

A Q=i+l
B. Goto 2.

The algorithm terminates as @ # b.
It is easy to see that Vj < i:aj =b; A (a; T; b Vb C; a;).

c) T"=(Ttx---x T and 1" = (1! x---x L")
d) If T'... T exist then T™ exists. If L.'... L™ exist then 1" exists.



