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Abstract interpretation
Exercise 1 (Widening operators)
Show that the operator V on Interval with
1IVX =XV1l=X
and
[i1, J1]V[iz, jo] = [ if i2 < i1 then — oo else i1, if jo > j1 then + oo else ji]

is a widening operator. First, state precisely what you need to show, and then show
that these properties are indeed fulfilled.

Solution

e V is an upperbound operator: Let 1 = [i1, j1],l2 = [i2, j2].

Qg <i1,j2>j1: 11 C[—o0,+00] Jly
Qo <i1,jo<j1: L C[-o0,51] Do
i >d1,J2 > j1: 11 T [ig, +oo] I o
ig > 1,02 <j1: L E i, 1) 2o
e For all ascending chains ({,,),, the ascending chain [y, lg Vi1, (l0V11) Vs, ... even-

tually stabilizes.
For an arbitrary element ly = [n, m], we have to consider the following cases for
L=k,

k<n,l>m = [Vl =][-00,+00]
k=n,l>m = [,V =[n,+o0]
k<n,idl=m = [V =[—00,m)]
k=n,l=m = 1)V =[n,m)]

Hence, if the chain (I,,), eventually stabilizes, then so will the chain (IY);. Oth-
erwise, it converges to the upper bound [—oo, +00].

Exercise 2 (Abstractions)
Let S be the set of strings over a (finite) alphabet X. An abstraction of the string is the
set of characters/symbols of which the string is built. Example: Program analysis is
abstracted by {P,r,0,g,a,m, ’> ’,n,l,y,s,i}.

Specify the details of the Galois connection (P(S), a,y, P(X) formally. Is this Galois
connection also a Galois insertion (also called Galois surjection on the slides “Abstrac-
tion I117)7?
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Solution
Let X5 be the set of all of the letters that occur in a particular string. We define the
abstraction and concretisation function as follows:

alS) = U{Z‘s |s €S}
Vo) = {s|¥s Co}
a and v are clearly monotone. Further, for a set of strings S = {s1,...,s,}:
Y(a(S)) =v(U{Ss]s € S}) ={s'|Zy CU{Es[s€5}} 2 8
and
a(v(0)) = a({s|Zs Ca}) = | Es s e {s[Es Co}} =0
Therefore, the Galois connection is also a Galois insertion.

Exercise 3 (Galois insertions)
Let (L1, 1,71, M) and (Lg, ag,v2, Ma) be Galois insertions (Galois surjections). First
define

a(li,le) = (a1(lh), aa(l2))
y(m1,ma) = (y1(m1),72(m2))
and show that (Ly x Lo, a,y, My x My) is a Galois insertion. Then define
a(f) = azofom
v(g) = Mogom

and show that (L; — Lo, a, v, M1 — Ms), where L x Ly and M; x My are Monotone
Function Spaces (see book on p. 398), is a Galois insertion.

Solution
We have to show that o and v are monotone, and that

yoa I M.l
aoy = Am.m

1. @ and v are monotone, because a1, as,v1, and o are monotone. Further, let
= (ll,lz) € L1 x L2.

LE7y(a(l)) < L Eq(a(l)) and Iz T y(a(lz))

This holds because (Li,a1,7v1,Mi) and (Lo, ag,v2, M) are Galois insertions.
Similarly, for (mq, mg) € My x Ms, we have

m=a(y(m)) < mi=a(y(mi))and my = a(y(mz))

2. Consider the Monotone Function Space in the book on p. 398.

First, we observe that a and v are monotone because as and ~» are. The detailed
reasoning for « is as follows (the same reasoning applies to v):

fcf
= Vz: f(z) C f'(z)
= Vz:as0 f(x) C azo f/(z) (because ay is monotone)
= Vy:azo foy(y) Cago f omn(y)
= mo foy Eagoflom

= a(f) Ca(f)



Next, we show that v(a(f)) = f for f € M; — My and calculate

Y(a(f) =(roaz)o fo(yoar)d f

using the monotonicity of f and vy 2y 0 aqy 0y I ALl = id.
It remains to show that a(v(f)) = f for f € My — Ms:

a(y(f)) =alreo foar)=(azoy)o fo(arom)=f

We have used a9y 0 41,2y = ALl = id.
Control Flow Analysis

Exercise 4 (Analyzing a program by hand)
Consider the following program:

let f=fmy=yin
let g=fnz = fin
let h=fmv=vin
g (gh)

Add labels to the program, and guess an analysis result. Use Table 3.1 in the book, p.
146, to verify that it is indeed an acceptable guess.

Solution
When adding labels, the program is given by:

(let f = (ny=y")?in
let g = (lnz = f*)* in
(let h = (fn v = v°)0 in
4" (g8 h9)10]11)12]13)14

A solution might be:

(C,p)
1,5 0
2,3 {fny = y'}
47,8 (fnx = 3
6,9 {fn v = v°}
10,11,12,13,14 {fny=y'}
f {fny=y'}
g {fn x = f3}
h {fn v = v°}
v,y 0
x {fnv =1 fny=y'}



To prove its validity, the following constraints need to hold:

(C.p) =( )™ iff
CHECPACHEL 1PACE) Caf)AC13) CC(14)
(C.p) =( 2iff {ny=y"} CC2)
(C.p) [ 1" iff
C.HE(C ACHE( IACH) ChlgAC12) € C(13)
(C.p) =( ) iff {fnx = f3} C C(4)
(C.p) =( )'2iff
C.HECIANCHEL TMACEH) Cph)ACAL) CC12)
(C,p) E( ) iff {fn v ="} C C(6)
(C.p) Elg"( )OI iff
(C.5) = g" A(C,D) E (6° h%)ON
(C,p) = f2 A C(10) C plz) A C(3) € C(11)
(C.p) =(g® h%)'0 iff
(C.5) = g* N(C.p) = hOA
(C,p) = P AC(9) C pla) AC(3) C C(10)

Enhancing the analysis

Modify the Control Flow Analysis of Table 3.1. to take account of the left to right
evaluation order imposed by a call-by-value semantics: In the clause [app] there is no
need to analyze the operand if the operator cannot produce any closures. Try to find
a program where the modified analysis accepts a result which is rejected by Table 3.1.

Solution
The constraint (C, p) | t% only needs to be fulfilled if t)' evaluates to a function.

lapp]  (C.p) k= (17 )" iff

(C.7) A

<V[fn r = tf)o € 6’([1)] :
(C.p) =8 N (C,p) = tEA
C(b2) € () A Cllo) € C1)

A (V[fun fz= té“ € a(ll)} :
(C.p) 1§ A (C.p) b= e A
C(lz) € pla) A Cllo) € CUA

{funf$:>t Y Calf ))



